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Abstract We solve for the first time to proven optimality the small instances in
the classical literature benchmark of Minimum Linear Arrangement. This is achieved
by formulating the problem as an ILP in a somehow unintuitive way, using variables
expressing the fact that a vertex is between two other adjacent vertices in the arrange-
ment. Using (only) these variables appears to be the key idea of the approach. Indeed,
with these variables already the use of very simple constraints leads to good results,
which can however be improved with a more detailed study of the underlying polytope.
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262 A. Caprara et al.

1 Introduction

Minimum Linear Arrangement (MinLA) is a basic combinatorial optimization prob-
lem and calls for placing the vertices of an undirected graph G = (V, E) in posi-
tions 1, . . . , n := |V | along the real line so as to minimize the sum of the distances
between vertices joined by an edge. Formally, one has to find a one-to-one function
ψ : V → {1, . . . , n}, called an arrangement, that minimizes

∑
{i, j}∈E |ψ(i)−ψ( j)|.

The first thing that every mathematical programmer would notice by browsing the
literature on the problem before 2010 is the huge gap between the best-known solu-
tion value, found by the wide family of heuristics available, and the best-known lower
bound, for the MinLA instances in the customary benchmark, which are associated
with structured sparse graphs, were introduced in [14], and since then were used as
testbed for all heuristics. This is extensively discussed in [8], to which we refer for a
detailed survey on the problem and a list of references. The contribution of [8] is to
provide for the first time lower bounds that certify that the best-known solution value
is indeed not far from the optimum for the not-too-large instances in the benchmark
mentioned above. The original purpose of the authors of [8] was in fact to solve some
instances to optimality, but it turned out that the mathematical formulation they used
is not suited for this purpose. As a result, also after [8], the best method to solve sparse
MinLA instances to optimality apparently remained the classical dynamic program-
ming algorithm in [12], running in O(2nm) time [12], where m := |E |. Given that its
average running time tends to be close to the worst-case one, one cannot find optimal
solutions for more than about 30 vertices within reasonable computing time. This
leaves out also the small instances in the MinLA benchmark, for which the optimality
gap was bridged by [8] from (roughly) 50 to 10%. The latter appears still fairly large as
a root node gap to hope for exact solution by a branch-and-bound method, considering
that the lower bound computation is time consuming anyway.

In this paper, we make a notable step ahead by solving to proven optimality 17 out
of the 19 MinLA benchmark instances having up to 100 vertices. This is achieved by
a using a canonical cutting plane approach to solve a non-canonical Integer Linear
Programming (ILP) model. The key idea is the use of variables expressing the fact
that one vertex is between two other adjacent vertices in the arrangement, which are
certainly not the first variables one would think of to model the problem. A priori, one
natural reason to use these variables is that the MinLA objective is a linear function
of them, while one natural reason not to use (only) them is that it is not at all straight-
forward to get a valid ILP formulation, namely, a model whose solutions correspond
to arrangements. In fact, we do not work with a valid ILP model in our method.

The paper is organized as follows. The formulation we use and the previous ones in
the literature are discussed in Sect. 2. A study of the underlying polytope is performed
in Sect. 3, whereas in Sect. 4 we present the overall branch-and-cut algorithm along
with its results, discussing its merits and limitations.

We conclude the introduction by presenting the notation used in the paper. We
denote by Kn the complete graph with n vertices. Given a graph G = (V, E), we let
la(G) denote the optimal MinLA value for G. We will always implicitly assume that G
is connected, which is without loss of generality since otherwise MinLA decomposes
into independent subproblems, one for each connected component of G. A subgraph
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Optimal linear arrangements using betweenness variables 263

G ′ of G is always meant as an edge-induced subgraph, obtained by removing some
edges from G and the resulting isolated vertices. The set of vertices and edges of G ′
are denoted by V (G ′) and E(G ′). Finally, given S ⊆ V,G \ S denotes the subgraph
of G obtained by removing all edges incident to the vertices in S and the vertices in S
themselves.

2 Mathematical programming formulations

In this section we review the existing mathematical programming formulations of
MinLA, trying to outline their advantages and drawbacks, focusing on the one that
we use. We first define the formulations formally and then illustrate the relevant refer-
ences where they are discussed. A formal study of the associated polytope is provided
in Sect. 3.

2.1 Previous formulations

All combinatorial lower bounds proposed so far for MinLA, surveyed in [15], appear
to be of very bad quality. This seems to indicate that any reasonable exact method
should use relaxations of mathematical programming formulations.

The first variables a mathematical programming practitioner would think of to for-
mulate MinLA are the binary xi j , for i ∈ V and j = 1, . . . , n, equal to 1 if and only
if vertex i is placed in position j (i.e., if and only if ψ(i) = j). The resulting model,
with a quadratic objective function, would be a special case of the famous Quadratic
Assignment problem:

min
∑

{i, j}∈E

n∑

p=1

n∑

q=1

|p − q|xipx jq ,

n∑

j=1

xi j = 1, i ∈ V,

∑

i∈V

xi j = 1, j = 1, . . . , n,

xi j ∈ {0, 1}, i ∈ V, j = 1, . . . , n.

Our computational experience prior to [8] (unpublished) suggested that the successful
approaches for Quadratic Assignment yield poor lower bounds in this case. A linear-
ization of the above model is considered in [3], where the largest instance solved to
optimality has however only 23 vertices.

The formulation providing the only reasonable lower bounds available is in fact
based on d{i, j} variables, expressing the distance between the two endpoints of each
edge {i, j} ∈ E . This very natural idea was discussed first in [13], but only its
re-elaboration in [8] turned out to be successful for the MinLA benchmark instances.
Natural linear constraints to impose on the d{i, j} variables are rank inequalities,
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imposing that for certain edge-induced subgraphs G ′ of G the sum of the d{i, j} vari-
ables for the edges in the subgraph must be at least equal to the MinLA value for H .
In formulas:

∑

{i, j}∈E(G ′)
d{i, j} ≥ la(G ′). (1)

Such constraints are convenient to handle as long as la(G ′) not only is easy to deter-
mine, but is also given by a closed-form expression. For instance, if G ′ is a star with a
center vertex and p leaves, then la(G ′) = �(p + 1)2/4�. However, if G is not dense
the lower bound produced by solving the LP relaxation obtained by imposing (1) for
whatever reasonable collection of subgraphs of G tends to be poor. (Note that the d{i, j}
would be integral but, for the computation of lower bounds, relaxing the integrality
constraint does not make a big difference, as it is typically the case for integer variables
that may attain “large” values.) The key idea in [8] is to consider rank inequalities (1)
associated also with edge-induced subgraphs G ′ of the complete graph Kn that are
not subgraphs of G. Moreover, rather than introducing explicit d{i, j} variables not
associated with edges of G, which would lead to a very large formulation, it is much
better to replace each such d{i, j} in (10) by the sum of the variables associated with
the edges in a path Pi j from i to j in G. Letting Pi j = {i, j} if {i, j} ∈ E , the resulting
inequalities read:

∑

{i, j}∈E(G ′)

∑

{h,k}∈Pi j

d{h,k} ≥ la(G ′). (2)

These are called projected rank inequalities as they can be obtained as the projection

onto R
E of inequalities in the space R

(n
2) associated with Kn . The reader is referred

to [8] for a detailed illustration of what we have just sketched. As anticipated, for
a suitable choice of subgraphs G ′ ⊆ G for which to impose (2), the lower bounds
obtained are fairly good (roughly 10% away from the optimum), but with too large
gaps to hope for exact solution given their large computing times.

A formulation with binary variables d{i, j},k equal to 1 if the distance between the
two endpoints of edge {i, j} is equal to k is studied in [17]. The associated LP relax-
ation yields lower bounds that are slightly better than the ones in [8], but it turns out
to be extremely time consuming to solve.

2.2 Betweenness variables

For every edge {i, j} ∈ E, i < j , and every vertex k ∈ V \ {i, j}, we introduce a
binary betweenness variable xik j equal to 1 if and only if k lies between i and j in
the arrangement, i.e., either ψ(i) < ψ(k) < ψ( j) or ψ( j) < ψ(k) < ψ(i). For
convenience, let T := {ik j : {i, j} ∈ E, i < j, k ∈ V \ {i, j}} denote the set of the
indices of the betweenness variables.

The total number of betweenness variables is m(n − 2), i.e., a factor O(n) more
than the m distance variables used in [8]. The link between the two variable types
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Optimal linear arrangements using betweenness variables 265

shows that the d{i, j} variables are a sort of “aggregation” of the xik j ones:

d{i, j} = 1 +
∑

k∈V \{i, j}
xik j , (3)

which allows us to easily express the MinLA objective with the new variables, namely:

min m +
∑

{i, j}∈E

∑

k∈V \{i, j}
xik j , (4)

where the constant m is of course irrelevant for the optimization. Moreover, all the
constraints expressed in terms of the d{i, j} variables can be re-written in terms of
the xik j variables, which we will partially do. The main advantage of working with
the new variables is that we can express constraints that we would not (easily) be able
to express with the old ones, leading to stronger lower bounds. In addition, given a
binary vector x̄ ∈ R

T , testing if it is associated with an arrangement can be done in
polynomial time, as discussed in Sect. 4, whereas the complexity of the same test for
an integer vector d̄ ∈ R

E is open to the best of our knowledge. Finally, since the xik j

variables yield stronger lower bounds and give more information on the structure of
the solution, it happens in practice that the solutions of the LP relaxations describe an
optimal layout, which was never the case in [8].

Use of variables xik j was inspired by [10], which considers the following gen-
eralization of MinLA, called the Betweenness problem, slightly recast here to high-
light the differences. One has again to find an arrangement of a given “vertex” set
V = {1, . . . , n}. In this case, rather than the edge set E , one is given as input an
explicit list of q triples (i, k, j) along with a (possibly negative) penalty pik j to be
paid if k is placed between i and j in the arrangement. The objective is to find an
arrangement that minimizes the sum of the penalties. Note that MinLA can be formu-
lated as a Betweenness problem by introducing the q := m(n − 2) triples (i, k, j) of
penalty pik j := 1 for every edge {i, j} ∈ E, i < j , and every vertex k ∈ V \ {i, j}. In
[10], two formulations are considered, the first with betweenness variables and linear
ordering (binary) variables yi j equal to 1 if and only if i precedes j in the arrangement,
and the second with betweenness variables only. In fact, [10] is mainly focused on the
special case in which i 	= i ′ and j 	= j ′ for every pair of triples (i, k, j) and (i ′, k′, j ′)
(which is not a generalization of MinLA any more). The polyhedral results and the
computational experiments in [10] refer to this case, and show that the formulation
without linear ordering variables is much better in practice.

More recently, betweenness variables were used in [4] in the context of the Sin-
gle-Row Facility Layout problem, which is the generalization of MinLA in which G
is complete, there is a cost c{i, j} (rather than 1) for each edge {i, j} ∈ E , and each
vertex i ∈ V has a “length” �i (rather than 1) that it occupies on the real line. The
vertices must be laid out on the segment [0,∑i∈V �i ] of the real line so as to minimize∑

{i, j}∈E c{i, j}d{i, j}, where now d{i, j} denotes the distance between the center points
of vertices i and j . (For the literature on the exact solution of this problem the reader
is also referred to [1,2,5] and the older references therein.) All the discussion in [4]
is focused on having the O(n3) betweenness variables associated with the complete
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graph in the formulation, which would be a very large number even for the smallest
instances in the MinLA benchmark. On the other hand, one of the key ingredients for
the success of our approach is to stick to the O(mn) variables above, which are way
smaller for sparse graphs such as those in the MinLA benchmark.

2.3 Constraints on the betweenness variables

In [10], the authors discuss the fact that without linear ordering variables it is not
obvious, but possible, to get a valid ILP formulation, i.e., a model whose integer solu-
tions correspond to arrangements. Indeed, given a binary vector x̄ ∈ R

T , it is easy to
construct a binary matrix M(x̄) such that x̄ defines a feasible arrangement if and only
if M(x̄) has the consecutive ones property (on rows), i.e., its columns can be permuted
so that the 1’s in each row appear consecutively. Since there is a characterization of
matrices with this property in terms of forbidden submatrices [19], it would be enough
to add one constraint (on the betweenness variables) to prevent each of this subma-
trices to arise. Although the number of constraints would be exponential, they could
be separated efficiently. However, the authors in [10] found it much more efficient in
practice not to use these constraints, performing a feasibility test for each binary x̄
encountered and, in case it turns out not to define a feasible arrangement, adding the
feasibility inequality:

∑

t∈O

xt −
∑

t∈T \O

xt ≤ |O| − 1, (5)

where O := {t ∈ T : x̄t = 1} is the set of the components of x̄ taking the value 1.
In principle, by starting with the objective function (4) and no constraints (besides

the bounds on the variables) and by separating constraints (5), one could set up a
branch-and-cut algorithm for MinLA. However, as it is easy to imagine, this would be
essentially a weird way to enumerate all the binary vectors in R

T in decreasing cost
order. As anticipated, in the next section we will describe in detail all the constraints
that we will use in our approach. However, since the simplest of these already yield
notable results, we anticipate them here.

Given three vertices i, j, k ∈ V, i < j < k, associated with a triangle of G, i.e.,
such that {i, j}, {i, k}, { j, k} ∈ E , a triangle equation that must clearly be satisfied is:

xik j + xi jk + x jik = 1, (6)

as one and only one of the three vertices will lie between the other two in the arrange-
ment. Imposing these equations only, in addition to (5), does not lead to good results
in itself. However, borrowing the main idea from [8], namely the use of projected
rank inequalities (2) rather than rank inequalities (1) only, one may in fact impose the
equivalent of all the triangle equations for the complete graph Kn , i.e., associated to
all triples of vertices in V , as follows.

Consider a triangle equation (6) and suppose that {i, j} /∈ E (and also {i, k} /∈ E
and { j, k} /∈ E). Such an equation cannot be used as such without introducing the
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new xik j variable. Rather than doing this, observe that, for any path Pi j in G from
i to j (seen as a subset of edges), the following path inequality must hold for any
arrangement:

xik j ≤
∑

{h,�}∈Pi j

xhk�, (7)

where all variables in the right-hand-side are in our set of betweennes variables. There-
fore, by replacing xik j by

∑
{h,�}∈Pi j

xhk� in the triangle equation (and doing the same
for xi jk and x jik), we get the valid projected triangle inequality:

∑

{h,�}∈Pi j

xhk� +
∑

{h,�}∈Pik

xh j� +
∑

{h,�}∈Pjk

xhi� ≥ 1. (8)

This is a collection of inequalities that on one hand can be separated efficiently and
on the other are overall equivalent to the whole set of triangle inequalities for the
complete graph Kn , where the “=” in (6) has been replaced by “≥”. While by using
only (6) the results are fairly poor, the addition of (8) (and no other inequality) already
leads to very good results, as explained in the computational part.

Of course, what we have just sketched for the triangle inequalities can be done for
every valid inequality, and this will be discussed in detail in Sect. 3.5.

3 The Betweenness Polytope

In this section we formalize most of the concepts presented informally in Sect. 2.2.
We let the betweenness polytope PBTW(G) be the convex hull of all vectors x ∈ R

T

corresponding to arrangements. Note that this polytope is associated only with a spe-
cial case of the general Betweenness problem above; nevertheless we decided to stick
to this name as it immediately recalls its meaning.

Throughout the section we will need this basic observation.

Observation 1 Given a graph G and a subgraph H ⊆ G, every inequality valid for
PBTW(H) is also valid for PBTW(G).

However, the facet-defining property is not preserved from H to G, but this does not
appear to be a crucial issue in practice.

Observation 2 Given a graph G and a subgraph H ⊆ G, an inequality facet defining
for PBTW(H) is not necessarily facet defining for PBTW(G).

Proof Consider the complete graph with four vertices K4 and its subgraph K1,3 with
the same vertices and edges {1, 2}, {1, 3}, {1, 4}. The results in this section imply
that x123 + x124 + x132 + x134 + x142 + x143 ≥ 1 is (valid and) facet defining for
K1,3, but not for K4 as it is the sum of the following four inequalities valid for K4:
x123 + x124 − x324 ≥ 0, x132 + x134 − x234 ≥ 0, x142 + x143 − x243 ≥ 0, x234 + x243 +
x324 ≤ 1. ��
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268 A. Caprara et al.

3.1 Extreme-point recognition

We already mentioned the fact that testing if a binary vector x̄ ∈ R
T corresponds to

an arrangement, which is the same as testing if it is an extreme point of PBTW(G), is
not completely trivial. Here we describe how we do it, using a slight simplification
that works in the MinLA case of the general approach for the betweenness problem
in [10].

Recall that a binary matrix M has the consecutive ones property if its columns can
be permuted so that in each row the entries at 1 are consecutive. Given a binary x̄ ∈ R

T ,
we construct the following binary matrix M(x̄). M(x̄) has one column for each vertex
of G and initially no row. For every edge {i, j} ∈ E we let Bi j := {k ∈ V | x̄ik j = 1}
be the set of vertices between i and j in the (hypothetical) arrangement corresponding
to x̄ . If Bi j = ∅, we know that i and j must be adjacent in the arrangement, and we add
to M(x̄) a row with 1 in positions i and j and 0 in the other positions. Otherwise, all
the vertices in Bi j must be adjacent in the arrangement (in some order), and must be
preceded and followed by i and j (in some order). So we add to M(x̄) two rows, one
with 1 in positions i and k ∈ Vi j and the other with ones in positions j and k ∈ Vi j .
It is then easy to verify the following.

Proposition 1 A binary vector x̄ ∈ R
T is an extreme point of PBTW(G) if and only if

M(x̄) has the consecutive ones property.

The consecutive ones property can be tested in linear time in the size of M(x̄), i.e., in
O(mn) time, by the P Q-tree algorithm of [7].

If x̄ 	∈ PBTW(G), as explained above we cut it off using inequality (5). Note that
these inequalities are generally not even face inducing for PBTW(G), i.e., their right-
hand side may be decreased. On the other hand, trying to strengthen them would go
in the direction of using the characterization of matrices with the consecutive ones
property, which does not appear to be the right way to proceed as discussed in Sect. 2.2.

3.2 Valid equations and dimension

We already introduced the triangle equations (6). In this section, we show that these
correspond to the equation system of PBTW(G).

Proposition 2 Let r denote the number of triangles in G, i.e., triples {i, j, k} ⊆ V
such that {{i, j}, {i, k}, { j, k}} ⊆ E. The affine hull of PBTW(G) is defined by the r
equations (6) and dim(PBTW(G)) = m(n − 2)− r .

Proof Recall that PBTW(G) lies in the m(n −2) Euclidean space R
T . The r equations

(6) are linearly independent, since no variable appears in more than one of them. This
implies dim(PBTW(G)) ≤ m(n − 2)− r .

In order to prove equality, we first consider the special case in which G is the com-
plete graph Kn . In this case, every triple {i, j, k} ⊆ V, i < j < k, corresponds to a
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triangle, and we consider the four arrangements

(i, j, k, �1, . . . , �n−3),

( j, i, k, �1, . . . , �n−3),

(k, i, j, �1, . . . , �n−3),

(k, j, i, �1, . . . , �n−3),

where �1, . . . , �n−3 are the vertices in V \{i, j, k} in arbitrary order. Let x1, x2, x3, x4 ∈
PBTW(G) be the solution vectors associated with these four arrangements and xi jk :=
x1 − x2 − x3 + x4. A straightforward calculation shows that the only nonzero compo-
nents of xi jk are xi jk

i jk = 2 and xi jk
j ik = −2. Exchanging i and k above yields the vector

yi jk whose nonzero components are yi jk
i jk = 2 and yi jk

ik j = −2. Considering all triples

{i, j, k}, we get 2
(n

3

)
vectors, two for every triangle in Kn .

Now, let z denote the sum of the betweenness vectors of all arrangements, whose
components are identical, and consider the collection of 2

(n
3

) + 1 vectors

{z} ∪ {z + xi jk, z + yi jk : {i, j, k} ⊂ V }.

It is easy to verify that these vectors are affinely independent and contained in the affine
hull of PBTW(Kn). This implies dim(PBTW(Kn)) ≥ 2

(n
3

)
. Together with

dim(PBTW(G)) ≤ m(n − 2) − r = (n
2

)
(n − 2) − (n

3

) = 2
(n

3

)
this completes the

proof when G = Kn .
Turning back to the case of general G, we complete the proof showing a contra-

diction if we assume that there is an equation aT x = b that is valid for PBTW(G) but
cannot be obtained as a linear combination of the triangle equations for G. By Obser-
vation 1, aT x = b is valid also for PBTW(Kn), which in turn implies, by the discussion
above, that it can be obtained as a linear combination of the triangle equations for Kn .
But then, since each variable xik j associated with a triangle not in G has coefficient
0 in aT x = b and has nonzero coefficient in exactly one triangle equation in Kn , the
multiplier in the linear combination for this equation must be 0, which implies that
aT x = b can be obtained as a linear combination of the triangle equations in G, a
contradiction. ��

3.3 Relation with the cut polytope

A cut in a graph G = (V, E) is a subset of edges δ(S) := {{i, j} ∈ E : i ∈ S, j ∈
V \ S} for some S ⊆ V . The cut polytope PCUT(G) is the convex hull of all incidence
vectors of cuts in R

E . The link between the cut and the betweenness polytope is fairly
simple.

Proposition 3 For every k ∈ V , the projection of PBTW(G) onto the the variable
space xik j , {i, j} ∈ E, is isomorphic to PCUT(G \ {k}).
Proof Consider the betweenness variables xik j , {i, j} ∈ E . For every arrangement,
these variables take the value of the components of the incidence vector of the cut δ(S)
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in G \ {k}, where S is the set of vertices that precede k in the arrangement. This shows
that every vertex of the projection, which is the projection of a vertex of PBTW(G), is
also a vertex of PCUT(G \ {k}).

Viceversa, given the incidence vector of a cut δ(S) in G \ {k}, the vector defined by
xik j := 1 for {i, j} ∈ δ(S) and xik j := 0 for {i, j} ∈ E \ δ(S) is associated with every
arrangement with the vertices in S preceding k and in turn k preceding all vertices in
V \ S. This shows that every vertex of PCUT(G \ {k}) is also a vertex of the projection.

��
An immediate corollary is:

Proposition 4 Every valid inequality for PCUT(G \ {k}) yields a valid inequality for
PBTW(G).

The most relevant valid inequalities for PCUT(G) are the following cycle inequali-
ties, associated with every cycle C (seen as a subset of edges) and every F ⊆ C of
odd cardinality. Cast in terms of the betweenness variables, with the middle index k
(associated with a vertex not visited by the cycle), these inequalities read:

∑

{i, j}∈F

xik j −
∑

{i, j}∈C\F

xik j ≤ |F | − 1. (9)

Note that we have already mentioned inequalities (9) for the case |F | = 1, namely
they are the path inequalities (7), where C = {i, j} ∪ Pi j and F = {i, j}. As we will
see next, the inequalities for this special case play a key role in our approach, while
the other inequalities (9) do not seem to be significantly helpful in practice.

3.4 Rank inequalities from the d{i, j} formulation

The link with the d{i, j} variables given by (3) immediately points out a wide family of
valid inequalities for PBTW(G), namely those obtained by replacing the d{i, j} variables
in (1).

In fact, a stronger inequality in the betweenness variables associated with (1) can
be obtained by considering the fact that the distance in G ′ (rather than G) between two
vertices i, j ∈ V (G ′) is given by 1 + ∑

k∈V (G ′) xik j . The resulting rank inequality is:

∑

{i, j}∈E(G ′)

∑

k∈V (G ′)
xik j ≥ la(G ′)− |E(G ′)|. (10)

Here we restrict attention to the most relevant class of inequalities addressed in [8],
since using also the others does not lead to significant improvements in our method.

A p-star K1,p consists of a center vertex r and p leaf vertices �1, . . . , �p with
edges {r, �1}, . . . , {r, �p}. As already mentioned, we have la(K1,p) = ⌊

(p + 1)2/4
⌋

,
leading to the star inequality:

p∑

i∈{1,...,p}

∑

j∈{1,...,p}\{i}
xr� j �i ≥

⌊
(p − 1)2

4

⌋

. (11)
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Star inequalities are by far the most important class of inequalities used in [8]. For
(the dominant of) the polyhedron addressed in [8], these inequalities turn out to be
facet defining for every value of p. On the other hand, for the betweenness polytope
they are non-dominated only for p odd, as we prove now.

Proposition 5 Given a p-star K1,p, p ≥ 3, the inequality (11) is facet-defining for
PBTW(K1,p) if p is odd, and is dominated by the p star inequalities associated with
K1,p \ {�i }, i = 1, . . . , p, if p is even.

Proof We first show that the inequality is dominated if p is even. Let p = 2k, k ∈ N,
and consider the p subgraphs of the form K1,p \ {�i }, i = 1, . . . , p, obtained by
removing one of the leaf vertices. For each of these subgraphs, (11) holds and we can
sum up all of these inequalities to get another valid inequality of the form

p∑

i∈{1,...,p}

∑

j∈{1,...,p}\{i}
(p − 2)xr� j �i ≥ p

⌊
(p − 2)2

4

⌋

.

The coefficient of p − 2 for xr� j �i is the result of summing up p inequalities, where
the variable has null coefficient twice, namely for K1,p \ {�i } and K1,p \ {� j }. By
dividing all coefficients by p − 2, a straightforward calculation shows that we get a
right-hand side of

⌊
(p − 1)2/4

⌋
, which is in fact equal to the right-hand side of (11)

for K1,p. Therefore, (11) is not facet-defining for p even.
Let us now consider (11) for any odd p = 2q +1, q ∈ N, and assume for simplicity

r < �i for i = 1, . . . , p. All arrangements with r in position q +1 or q +2 are optimal.
Consider an inequality aT x ≥ b that is valid for PBTW(K1,p) and is satisfied at equality
by all points for which (11) is satisfied at equality. Let {i, j, k} ⊆ {�1, . . . , �p} denote
three arbitrary leaf vertices of K1,p, and consider the five optimal arrangements:

(h1, . . . , hq−1, k, r, j, i, hq , . . . , h p−3),

(h1, . . . , hq−1, k, r, i, j, hq , . . . , h p−3),

(h1, . . . , hq−1, k, i, r, j, hq , . . . , h p−3),

(h1, . . . , hq−1, j, r, i, k, hq , . . . , h p−3),

(h1, . . . , hq−1, j, i, r, k, hq , . . . , h p−3),

where h1, . . . , h p−3 are the vertices in {�1, . . . , �p} \ {i, j, k} in arbitrary order. Let
x1, x2, x3, x4, x5 ∈ PBTW(G) be the solution vectors associated with these five
arrangements, all satisfying aT x ≥ b at equality. This implies

aT x1 − aT x2 = ar ji − ari j = 0

and

aT x2 − aT x3 − aT x4 + aT x5 = 2ari j − 2arik .
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Given that the choice of {i, j, k} is arbitrary, all left-hand side coefficients of aT x ≥ b
are identical, which in turn implies that the inequality is identical to (11) modulo a
positive scaling factor. This implies that (11) is facet-defining. ��

3.5 Projected valid inequalities of PBTW(Kn)

As anticipated in the previous section, and widely inspired by [8], the success of a cut-
ting plane method is essentially based on considering in a cutting plane approach also
inequalities that are valid for PBTW(Kn) without enlarging the number of variables
from m(n − 2) to

(n
3

)
. Let P D

BTW(G) := {x ∈ R
T : x ≥ y for some y ∈ PBTW(G)}

be the dominant of PBTW(G).

Observation 3 The minima of a linear objective function with nonnegative coeffi-
cients (such as the MinLA one) over PBTW(G) and P D

BTW(G) coincide, and all valid
inequalities for P D

BTW(G) are of the form aT x ≥ b with a ≥ 0.

In some sense, this observation suggests that, in order to find good lower bounds,
one may restrict attention to inequalities in “≥” form with positive left-hand-side
coefficients. These are precisely the inequalities that we know how to extend from
PBTW(Kn) to PBTW(G).

Proposition 6 Let

∑

{i, j}∈E

∑

k∈V \{i, j}
aik j xik j ≥ b (12)

be an inequality with a ≥ 0 that is valid for PBTW(Kn), and for each i, j ∈ V let
Pi j ⊆ E be an arbitrary path from i to j in G. Then, the projected inequality

∑

{i, j}∈E

∑

k∈V \{i, j}
aik j

∑

{h,�}∈Pi j

xhk� ≥ b (13)

is valid for PBTW(G).

The proof of the proposition follows immediately from the validity of (7), i.e., of (9)
for |F | = 1. The name “projected inequality” follows from the fact that these arise
from the projection onto the space of PBTW(G) of inequalities for PBTW(Kn).

Considering the general version of (9), we may generalize Proposition 6 substitut-
ing xik j by

∑
{h,�}∈Pi j \F xhk�−∑

{h,�}∈Pi j ∩F xhk�+|F |−1 for every F ⊆ Pi j ∪{i, j}
with |F | odd and {i, j} ∈ F . Although the complexity (and practical difficulty) of the
separation of the resulting inequalities for PBTW(G) would not change substantially,
after extensive computational testing we concluded that restricting attention to the
substitution in Proposition 6 yields already the best results for the MinLA instances.

3.6 Separation

We briefly address the complexity of the separation problem for all the inequalities
discussed so far for a given LP solution x̄ ∈ R

T .
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Observation 4 Feasibility inequalities (5) can be separated in O(m2n2) time.

Proof Inequality (5) can be rewritten as
∑

t∈O(1 − xt )+ ∑
t∈T \O xt ≥ 1, i.e., sepa-

ration calls for finding O ⊆ T such that
∑

t∈O(1 − x̄t )+ ∑
t∈T \O x̄t < 1. This may

hold only if (i) x̄t ≤ 1/2 for at most one t ∈ O , (ii) x̄t ≥ 1/2 for at most one t ∈ T \ O ,
and (iii) |{t ∈ O : x̄t ≤ 1/2}| + |{t ∈ T \ O : x̄t ≥ 1/2}| ≤ 1. This implies that
there are only O(|T |) = O(mn) candidates for O . For each of them, we can test if
(5) is violated and, if so, if it is valid (i.e., if setting to 1 the components in O and to 0
the components in T \ O yields an infeasible binary solution) in O(mn) time by the
P Q-tree algorithm in [7]. ��
In fact, it seems to make sense in practice to add inequalities (5) only when x̄ is integer
but not feasible, so the above observation should have no practical impact.

Observation 5 Triangle equations (6) can be separated in O(mn) time.

Proof It suffices to enumerate the O(mn) triangles in G, testing violation of the asso-
ciated inequality in constant time. ��
Observation 6 Path inequalities (7) can be separated in O(nπ(n,m)) time, where
π(n,m) is the time required to find all-pairs shortest paths in a graph with n vertices
and m edges.

Proof There are n ways to fix the middle index k. For each k, we can compute the
shortest path between all pairs i, j with edge lengths x̄hk� for {h, �} ∈ E and then
check the inequality (7) with xik j in the left-hand side for violation. ��
It is not difficult to see, and well-known from the max-cut literature [6], how to extend
this to the separation of the more general cycle inequalities (9); here we do not give
the details since these inequalities are not used in our approach.

As to rank inequalities (10), note that by relaxing the condition k ∈ V (G ′) by
k ∈ V in the second summation, i.e., by allowing also vertices outside G ′ as mid-
dle indices, one may resort to the separation algorithms in [8] by defining d̄{i, j} :=
1 + ∑

k∈V \{i, j} x̄ik j for {i, j} ∈ E . In particular, for the separation of star inequalities
we get.

Proposition 7 The relaxed version of star inequalities (11), in which j ∈ {1, . . . , p}\
{i} is replaced by j ∈ V \ {i} in the second summation, can be separated in O(mn)
time.

Proof The time is dominated by the one to define d̄ from x̄ , which is linear in the
number of (nonzero) components of x , since afterwards the algorithm mentioned in
[8] runs in O(m log n) time. ��
The complexity of the separation of the original (stronger) (11) remains open.

Finally, for the separation of projected inequalities, as in [8], we have:

Proposition 8 Every separation algorithm for a class of valid inequalities for
PBTW(Kn) of the form (12) yields a separation algorithm for the corresponding valid
inequalities for PBTW(G) of the form (13) whose complexity is the same after having
computed all-pairs shortest paths as in Observation 6.
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Proof Letting P̄k
i j be the shortest path from between i and j with respect to edge

lengths x̄ik j , one can restrict attention to inequalities (13) of the form

∑

{i, j}∈E

∑

k∈V \{i, j}
aik j

∑

{h,�}∈P̄k
i j

xhk� ≥ b,

that can be separated as (12) after having redefined x̄i jk := ∑
{h,�}∈P̄k

i j
x̄hk�. ��

4 The overall method and computational results

Our overall algorithm is a branch-and-cut algorithm based on the formulation pre-
sented in the previous sections. At the beginning, we call an external heuristic to
initialize the best solution found. This is a multi-start local search heuristic already
used in [8].

The initial LP relaxation contains all the equations (6) associated with the triangles
of G (and no other constraint besides the lower and upper bounds on the variables).
Preliminary computational tests have shown that it is better to add all these equations
from the beginning rather than separating them afterwards.

At each iteration of the cutting-plane process at each branch-and-cut node, if the
current LP solution is integer, we check if it is feasible (and optimal) and if not
we add to the LP the corresponding feasibility inequality (5). Otherwise, we sep-
arate the other inequalities in the following order (i) path inequalities (7); (ii) odd
star inequalities (11); (iii) projected triangle inequalities (8); (iv) projected odd star
inequalities. We impose upper limits of 3,000 and 300, respectively, on the total num-
ber of cuts to be separated on the complete and original graph. If a limit is reached
before all the classes of inequalities are checked, we allow in any case the addition
of 600 and 60, respectively, extra inequalities for each remaining class on the com-
plete and original graph. In the separation of projected inequalities in Steps (iii) and
(iv), the all-pairs shortest paths (recall Proposition 8) have already been computed in
Step (i).

4.1 Implementation details

We implemented our algorithm using SCIP as a branch-and-cut framework [20] with
CPLEX 12 as LP solver. All these tools are freely available for academic use. We kept
the default settings of SCIP for branching and addition of cutting planes to the current
LP, but we deactivated the heuristic and cutting-plane generation parts. In other words,
we generate cutting planes only with our separation procedures but let SCIP decide
which ones to add to the current LP.

We made our experiments on a PC running GNU/Linux Debian 4.1.1, kernel 2.6.18,
with an Intel Xeon CPU at 2.50GHz, a cache size of 6MB and a RAM of 16GB.
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4.2 The benchmark instances

We considered all the benchmark instances addressed in [8] with m ≤ 1000. These
include 4 out of the 5 gd* instances in the classical MinLA benchmark [14]; all the
other instances in this benchmark are (way) larger. Moreover, the instances in [8] also
include the instances of the Minimum Bandwidth problem in [9], which is the variant of
MinLA in which one wants to find an arrangement ψ minimizing max{i, j}∈E |ψ(i)−
ψ( j)|. In addition, we considered five additional instances coming from real-world
applications introduced in [17]; these instances are at the bottom of Table 1.

In Table 1 we list these instances summarizing their characteristics. The density
dens is defined by m/

(n
2

)
, dim is the dimension of the associated betweenness polytope

PBTW(G), and lb and ub are the best lower bound and the best heuristic solution value
known before our method, to the best our knowledge. All values of lb are due to [8],
with the exception of those for gd95c and gd96c, that were found in a few hours
by the cutting-plane approach for the Single-Row Facility Layout problem in [5]. The
values of ub are generally due to one or more heuristics in the literature for instances
gd*, whereas they were obtained by running for one CPU day the multi-start heuristic
also used (with a much smaller time limit) at the beginning of our method. We partly
anticipate our final results (and contribution) by marking in boldface optimal values.
This marking shows that, out of 41 instances, optimality was proved only in one case
before our work and in 21 cases with our method. In 2 of the additional cases, our
method found an optimal heuristic solution showing that the best known heuristic
value was not optimal.

4.3 Impact of the various inequalities on the root lower bound

In Table 2 we report the lower bound lb found at the root node of our branch-and-cut
algorithm and the associated computing time in seconds time, by separating various
subsets of inequalities illustrated in Sect. 3 (recall that we add feasibility inequalities
(5) in any case to cut off infeasible binary solutions), from none (keeping only the
triangle equations (6), which define the initial LP relaxation) to all those listed above,
considering also the case of additional inequalities discussed, e.g., in [16] and [18].
We restrict attention to instances with up to 100 vertices and impose a time limit of
one day (86400 seconds).

The results show that the projected triangle inequalities (8) are essential to achieve
good lower bounds: without them (column (7), (11)) the average gap with respect to
the optimal (or best known) solution value is about 30%, while with them (column
(7), (8)) for 20 instances the root node bound is equal to the optimum, for one addi-
tional instance will57 it is one unit away from the optimum, and for 3 additional
instances the time limit is reached with gaps of about 1% for can___73, 4% for
impcol_b, and 19% for can___96, which is the only instance for which the gap
is large, anticipating the fact that for more than 100 vertices our method does not
perform very well. With respect to the separation of (7), (8) only, considering also
other inequalities does not change the results in a significant way. Namely, for the 3
instances not solved to optimality, for all the gaps are about 1.5% for can___73,
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Table 1 The benchmark instances

Name n m dens |T | dim lb ub

gd95c 62 144 0.076 88 8552 472 506

gd96b 111 193 0.032 0 21037 1281 1416

gd96c 65 125 0.060 20 7855 464 519

gd96d 180 228 0.014 0 40584 2021 2391

bcspwr01 39 46 0.062 2 1700 91 106

bcspwr02 49 59 0.050 3 2770 144 161

bcspwr03 118 179 0.026 23 20741 588 679

bcspwr04 274 669 0.018 582 181386 3700 4705

bcsstk01 48 176 0.156 160 7936 972 1132

can___24 24 68 0.246 60 1436 203 210

can___61 61 248 0.135 396 14236 1119 1137

can___62 62 78 0.041 2 4678 187 212

can___73 73 152 0.057 32 10760 971 1100

can___96 96 336 0.073 320 31264 2105 2702

can___144 144 576 0.055 912 80880 2304 3224

can___161 161 608 0.047 592 96080 5657 6696

can___187 187 652 0.037 620 120000 3827 5189

can___229 229 774 0.029 690 175008 7461 9707

dwt___59 59 104 0.060 30 5898 258 289

dwt___66 66 127 0.059 62 8066 192 192

dwt___72 72 75 0.029 0 5250 150 167

dwt___87 87 227 0.060 147 19148 897 932

dwt___162 162 510 0.039 464 81136 2032 2431

dwt___209 209 767 0.035 707 158062 5905 6387

dwt___221 221 704 0.028 608 153568 3603 3779

dwt___245 245 608 0.020 374 147370 3422 3860

bwm200 200 298 0.014 0 59004 495 496

fidap005 27 126 0.358 288 2862 412 414

fidapm05 42 239 0.277 671 8889 998 1003

lshp-265 265 744 0.021 480 195192 5602 6088

nos4 100 247 0.049 36 24170 976 1031

pde225 225 420 0.016 0 93660 2539 3040

rdb200 200 460 0.023 0 91080 3066 3768

saylr1 238 445 0.015 0 105020 2676 3107

steam3 80 424 0.134 992 32080 1406 1416

tub100 100 148 0.029 0 14504 245 246

curtis54 54 124 0.086 78 6370 417 454

ibm32 32 90 0.181 28 2672 440 485

impcol_b 59 281 0.164 285 15732 1810 2076

pores_1 30 103 0.236 88 2796 329 383

will57 57 127 0.079 94 6891 331 335
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Table 2 Root node lower bounds and running times for various combinations of the inequalities in the
formulation

Name None (7) (7), (11) (7), (8) All Additional

lb time lb time lb time lb time lb time lb time

gd95c 232 0.30 260 1.70 368 6.34 506 60.68 506 45.38 506 52.35

gd96c 145 0.34 185 3.29 253 3.37 519 378.70 519 591.34 519 461.71
bcspwr01 48 0.05 49 0.13 68 0.12 106 0.77 106 0.64 106 1.24

bcspwr02 62 0.12 63 0.27 100 0.41 161 3.81 161 1.90 161 4.01

bcsstk01 336 0.19 490 3.54 538 31.97 1132 8156.78 1132 6594.60 1132 7841.00

can___24 128 0.02 140 0.13 169 2.70 210 0.69 210 0.73 210 1.14

can___61 644 0.40 700 13.07 911 62.54 1137 300.92 1137 272.33 1137 388.09

can___62 80 0.25 82 0.59 122 0.93 210 10.19 210 10.81 210 12.47

can___73 184 0.49 216 4.08 382 4.45 1086 limit 1083 limit 1073 limit

can___96 656 1.47 800 12.84 916 119.03 2180 limit 2076 limit 2052 limit

dwt___59 134 0.24 148 1.23 187 1.32 289 15.23 289 11.03 289 19.97

dwt___66 189 0.33 189 0.59 192 0.93 192 0.50 192 0.74 192 1.98

dwt___72 76 0.56 76 0.57 88 0.89 167 4.28 167 5.86 167 13.80

dwt___87 374 0.98 490 11.69 583 19.41 932 1034.00 932 1895.50 932 1281.38

fidap005 414 0.05 414 3.51 414 2.89 414 0.43 414 0.44 414 0.89

fidapm05 910 0.19 914 33.39 987 116.33 1003 14.62 1003 19.95 1003 42.20

nos4 283 1.49 301 5.59 634 12.44 1031 6865.71 1031 8092.64 1031 2464.71

steam3 1416 1.00 1416 36.48 1416 6.56 1416 3.11 1416 3.06 1416 10.13

tub100 149 1.77 149 1.80 244 1.70 246 6.18 246 2.42 246 10.41

curtis54 202 0.21 223 2.02 294 5.24 454 31.14 454 33.40 454 33.72

ibm32 118 0.06 160 0.50 261 4.25 485 156.81 485 227.37 485 185.83

impcol_b 566 0.37 685 11.85 1390 1812.15 1993 limit 2016 limit 2029 limit

pores_1 191 0.05 191 0.17 287 3.90 383 4.50 383 5.72 383 7.03

will57 221 0.23 224 1.06 284 2.44 334 4.40 334 15.67 334 15.36

3% for impcol_b, and 23% for can___96, whereas for additional the gaps are
about 2.5% for can___73, 2% for impcol_b, and 24% for can___96. For the
other 21 instances, we computed the ratio between the time taken by a method and the
minimum over the three methods ((7), (8), all and additional). The average value of
this ratio is about 1.3 for (7), (8), 1.4 for all and 2 for additional. Therefore, additional
is a bit slower while (7), (8) and all have analogous performances, and we decided to
keep the latter for the experiments in the next section.

4.4 Final results

With the present technology, for our benchmark instances our method performs very
well for sparse graphs with n ≤ 100 while it is often not competitive with the method
of [8] for larger n. In Table 3, we report the results obtained by the two methods.
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Table 3 Comparison of the method in [8] and our method for the benchmark instances with n ≤ 100
(above) and n > 100 (below)

Name [8] Our method

lb time lb time nodes

gd95c 443 113.6 506 82.24 1

gd96c 402 218.1 519 588.56 1

bcspwr01 91 0.8 106 9.09 145

bcspwr02 144 2.0 161 9.96 21

bcsstk01 971 23232.8 1132 6225.68 1

can___24 203 2.8 210 2.79 1

can___61 1119 1221.4 1137 333.41 1

can___62 187 4.2 210 39.74 39

can___73 971 2016.8 1083 limit 1

can___96 2105 27786.0 2076 limit 1

dwt___59 258 55.4 289 27.39 1

dwt___66 192 1.7 192 33.93 1

dwt___72 150 6.7 167 21.24 1

dwt___87 897 20761.1 932 1901.43 1

fidap005 412 5.4 414 4.17 1

fidapm05 998 7492.9 1003 42.36 1

nos4 976 59118.0 1031 6575.36 1

steam3 1382 limit 1416 168.44 1

tub100 245 74.3 246 69.06 1

curtis54 417 92.0 454 54.49 1

ibm32 440 1642.0 485 250.50 1

impcol_b 1810 limit 2016 limit 1

pores_1 329 4.0 383 9.59 1

will57 331 2.0 335 30.47 3

gd96b 1281 493.5 1404 limit 1711

gd96d 2021 1669.0 1578 limit 1

bcspwr03 588 189.5 662 4690.12 1

bcspwr04 3696 limit 2596 limit 1

can___144 2304 19608.4 2873 limit 1

can___161 5657 limit 3187 limit 1

can___187 3827 limit 2977 limit 1

can___229 7461 limit 3377 limit 1

dwt___162 2032 limit 2281 limit 1

dwt___209 5905 limit 3612 limit 1

dwt___221 3603 limit 2747 limit 1

dwt___245 3422 limit 2426 limit 1

bwm200 495 2409.1 496 548.20 1

lshp-265 5497 limit 3234 limit 1

pde225 2539 70519.0 1805 limit 1

rdb200 3052 limit 2077 limit 1

saylr1 2673 limit 1792 limit 1
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The computing times are on different computers but with roughly comparable speeds.
In both cases the time limit is again one day, and for our method we also report the
number of branch-and-cut nodes explored.

Table 3, above, contains the the benchmark instances with n ≤ 100. As already
mentioned, we can solve almost all of them (21 out of 24) to proven optimality within
a computing time that is roughly comparable to the time required by the method in [8]
to find a lower bound with an average gap of about 7.5%. On the other hand, Table 3,
below, contains the benchmark instances with n > 100 and shows that we can solve
to proven optimality 2 out of the 17 instances, but for the remaining ones only in 3
cases the lower bound found by our method is better than the one found by [8].

These results essentially show that the current state-of-the-art in the practical solu-
tion of MinLA on sparse graphs is given by our method for n ≤ 100 and by [8]
for larger values of n, even if also application of the latter is currently limited to
m ≤ 5,000.

4.5 Concluding remarks

With our method we could solve most of the MinLA benchmark instances with up to
100 nodes, a goal that was widely out of reach for previous methods. For the larger
instances in our benchmark, our method suffers from the fact that, once at the root
node we are close to the final bound, on one hand addition of new inequalities does not
lead to significant improvements, and on the other the gap, though small in percentage,
is too large to be closed by branching (also considering that the exploration of each
branch-and-bound node is slow anyway as the current LP is large). We have made a
few unsuccessful attempts to overcome this drawback, in particular hoping to solve
gd96b and gd96d, but without success.

As to the large instances in the classical MinLA benchmark from [14], these have
to be handled with care already by the method in [8], so there seems to be no hope
to obtain any meaningful result using our approach with the current hardware and
software technology.

Acknowledgments This work was supported by the Ateneo Italo-Tedesco and the Deutsch-Italienisches
Hochschulzentrum under the Vigoni Project 2007-2008. We are grateful to JJ Salazar for having run the
code of [8] on the 5 new MinLA instances considered in this paper. Moreover, we are grateful to the two
referees for their comments.

References

1. Amaral, A.R.S.: On the exact solution of a facility layout problem. Eur. J. Oper. Res. 173, 508–
518 (2006)

2. Amaral, A.R.S.: An exact approach to the one-dimensional facility layout problem. Oper.
Res. 56, 1026–1033 (2008)

3. Amaral, A.R.S.: A mixed 0-1 linear programming formulation for the exact solution of the minimum
linear arrangement problem. Optim. Lett. 3, 513–520 (2009)

4. Amaral, A.R.S.: A new lower bound for the single row facility layout problem. Discr. Appl.
Math. 157, 183–190 (2009)

123



280 A. Caprara et al.

5. Amaral A.R.S., Letchford A.N.: A polyhedral approach to the single row facility layout problem.
http://www.optimization-online.org/DB_FILE/2008/03/1931.pdf (in preparation) (2011)

6. Barahona, F., Mahjoub, A.R.: On the cut polytope. Math. Program. 36, 157–173 (1986)
7. Booth, K.S., Lueker, G.S.: Testing for the consecutive ones property, interval graphs, and planarity

using PQ-tree algorithms. J. Comput. Syst. Sci. 13, 335–379 (1976)
8. Caprara, A., Letchford, A.N., Salazar, J.J.: Decorous lower bounds for minimum linear arrange-

ment. INFORMS J. Comput. 23, 26–40 (2011)
9. Caprara, A., Salazar, J.J.: Laying out sparse graphs with provably minimum bandwidth. INFORMS J.

Comput. 17, 356–373 (2005)
10. Christof T., Oswald M., Reinelt G.: Consecutive ones and a betweenness problem in computational

biology. In: Bixby R.E., Boyd E.A., Rios-Mercado R.Z. (eds.) Proceedings of 6th Conference on Inte-
ger Programming and Combinatorial Optimization. Lecture Notes in Computer Science, vol. 1412,
pp. 213–228. Springer, Berlin (1998)

11. Díaz, J., Petit, J., Serna, M.: A survey of graph layout problems. ACM Comput. Surv. 34, 313–
356 (2002)

12. Koren Y., Harel D.: A multi-scale algorithm for the linear arrangement problem. In: Kucera L. (ed.) Pro-
ceedings of 28th International Workshop on Graph-Theoretic Concepts in Computer Science. Lecture
Notes in Computer Science, vol. 2573, pp. 293–306. Springer, Berlin (2002)

13. Liu, W., Vannelli, A.: Generating lower bounds for the linear arrangement problem. Discr. Appl.
Math. 59, 137–151 (1995)

14. Petit J.: Layout Problems. PhD thesis, Universitat Politècnica de Catalunya, Barcelona (2001)
15. Petit J.: Experiments on the linear arrangement problem. J. Exp. Algorithmics, 8 (2003). article 2.3
16. Schwarz R.: A Branch-and-Cut Algorithm with Betweennes Variables for the Linear Arrangement

Problem. Master Thesis, Universität Heidelberg (2010)
17. Seitz H.: Contributions to the Minimum Linear Arrangement Problem. PhD Thesis, Universität

Heidelberg (2010)
18. Traversi E.: Orientation and Layout Problems on Graphs, with Applications. PhD Thesis, Università

di Bologna (2010)
19. Tucker, A.: A structure theorem for the consecutive ones property. J. Comb. Theory Ser. B 12, 153–

162 (1972)
20. ZIB Optimization Suite (Version 1.2), Zuse Institut Berlin. http://zibopt.zib.de (2009)

123

http://www.optimization-online.org/DB_FILE/2008/03/1931.pdf
http://zibopt.zib.de

	Optimal linear arrangements using betweenness variables
	Abstract
	1 Introduction
	2 Mathematical programming formulations
	2.1 Previous formulations
	2.2 Betweenness variables
	2.3 Constraints on the betweenness variables

	3 The Betweenness Polytope
	3.1 Extreme-point recognition
	3.2 Valid equations and dimension
	3.3 Relation with the cut polytope
	3.4 Rank inequalities from the d{i,j} formulation
	3.5 Projected valid inequalities of PBTW(Kn)
	3.6 Separation

	4 The overall method and computational results
	4.1 Implementation details
	4.2 The benchmark instances
	4.3 Impact of the various inequalities on the root lower bound
	4.4 Final results
	4.5 Concluding remarks

	Acknowledgments
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 149
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 149
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 599
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /DEU <>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


