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Abstract The growing cost of transportation and distribution pushes companies, espe-
cially small and medium transportation enterprises, to form partnership and to exploit
economies of scale. On the other hand, to increase their competitiveness on the market,
companies are asked to consider preferences of the customers as well. Therefore, tools
for logistics management need to manage collective resources, as many depots and
heterogeneous fleets, providing flexible preference handling at the same time. In this
paper we tackle a pickup and delivery vehicle routing problem involving such aspects;
customers place preferences on visiting time (represented as soft time windows), and
their violation is allowed at a price. Our interest in this problem stems from an ongo-
ing industrial project. First we propose an exact branch-and-price algorithm, having
as a core advanced dynamic programming techniques. Then we analyze through a
computational campaign the impact of soft time windows management on the optimal
solution in terms of both routing and overall distribution costs. Our experiments show
that our approach can solve instances of real size, and clarify the practical usefulness
of soft time windows management.

Mathematics Subject Classification 90C27 · 90C90 · 90B06 · 65K05

1 Introduction

Transportation and distribution are major cost factors in the supply chain. In recent
years the introduction of decentralized production and delivery schemes yielded sys-
tems of growing complexity, and consequently calls for the development of more and
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172 A. Bettinelli et al.

more effective computational tools for logistics management. As highlighted in [23],
such an issue arises in many diverse application scenarios, such as urban courier ser-
vices, less-than-truckload transportation, or door-to-door transportation services [28].

The Capacitated Vehicle Routing Problem (CVRP) [15] plays a fundamental role
among classical optimization models in transportation. It deals with the delivery of
goods by a fleet of trucks from a central depot to many customer locations. The main
goal is to find a set of minimum cost routes for the vehicle fleet in order to meet cus-
tomers demands and without violating capacity constraints. The Pickup and Delivery
Problem (PDP) [5] is a generalization of the CVRP in which each customer requires to
pickup a certain amount of goods from an origin location and to deliver it to a destina-
tion location. Each route must satisfy pairing constraints (origin and destination must
be visited by the same vehicle, without any transshipment) and precedence constraints
(the origin location must precede the destination in the route). For comprehensive
reviews on routing problems involving pickup and delivery, the reader is referred to
the papers by Savelsbergh and Sol [26], Cordeau et al. [11], Parragh et al. [19] and
Berbeglia et al. [5].

The interest in basic CVRPs and PDPs is more academic than practical, as real
world applications often require to take into account several additional details. In fact,
in a typical industrial scenario, small and medium companies tend to aggregate with
each other, in order to be more competitive and to exploit economies of scale. As a
consequence there is the need to manage several depots and a fleet of heterogeneous
vehicles, with different capacities and operating costs; it is also common that customers
do not accept vehicles visiting them for pickup or delivery outside some working time
windows [7].

Coping with these constraints is often not enough for a transportation company to
gain competitiveness on the market. To increase the level of service also preferences of
the customers must be considered. The most typical one is on the pickup and delivery
time: inside their working time windows, customers prefer to be served in very narrow
time slots, matching their internal schedule for the flow of goods. Trying to satisfy all
these preferences is often not possible. Therefore, models in the literature introduce
the following feature: the service is always performed in the working time slots, but
the preference time slots can be violated by paying a suitable penalty [29]. Working
and preference time slots respectively represent hard and soft time windows.

Several heuristic approaches have been proposed for the VRP with soft time win-
dows: Koskosidis et al. [17] developed an optimization-based heuristic; Balakrishnan
[2] proposed several constructive heuristics, while Taillard et al. [30] and Chiang and
Russell [8] presented tabu search heuristics; Ibaraki et al. [16] studied acceleration
techniques for local search algorithms in the case of multiple soft time windows.

Recently, Liberatore et al. [18] and Qureshi et al. [21] proposed branch-and-price
approaches for the VRP with soft and semi-soft time windows respectively.

The PDP with hard time windows has been widely studied, especially in the ver-
sion in which a single depot and a homogeneous fleet are available. Several exact
approaches based on branch-and-cut [10,24] and branch-and-price [3,13,23,27] have
been proposed.
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The PDP with soft time windows is much less studied. It was first addressed in an
early work by Sexton and Choi [29], where the authors developed a heuristic algorithm
based on Benders’ decomposition.

Original contribution. In this paper we consider all the above features at once. Accord-
ing to standard vehicle routing taxonomy, we refer to this problem as the Multi-Depot
Heterogeneous-fleet Pickup and Delivery Problem with Soft Time Windows (MDH-
PDPSTW). To the best of our knowledge no algorithm is proposed in the literature,
that is able to fully cope with all MDHPDPSTW features. Our interest in the MDH-
PDPSTW is motivated by an ongoing industrial project, whose aim is to develop an
integrated intelligent system for small transportation companies operating in the urban
area of Milan (Italy).

First, we propose an exact branch-and-price algorithm for the MDHPDPSTW. The
core of our method is a pricing routine based on advanced dynamic programming tech-
niques. The adaptation of known algorithmic paradigms, such as column generation
and dynamic programming, to the features of this particular pick-up and delivery prob-
lem is not straightforward; our main original contributions are outlined in Sect. 3.2.
We also report on the outcome of an extensive experimental campaign, designed to
evaluate the impact of soft time windows both in terms of routing and overall costs.

The paper is organized as follows: in Sect. 2 we describe a set covering formulation
for the problem; in Sect. 3 a branch-and-price algorithm is proposed and Sect. 4 is
devoted to the experimental analysis; finally, in Sect. 5, we draw some conclusions.

2 Problem formulation

Given a set K of vehicle types, a set H of depots and a set N of customer requests, the
problem can be defined on a directed graph G = (V, A), where V contains a vertex for
each depot h ∈ H and for the pickup and delivery locations of each customer i ∈ N .
Let P and D be the sets of vertices corresponding to all pickup and delivery locations
respectively. We denote with ξ+(i) and ξ−(i) the pickup and delivery vertices of
customer i ∈ N and with φ( j) the customer to whom vertex j ∈ P ∪ D belongs to.
Non negative weights dk

i j and tk
i j are associated with each arc (i, j) ∈ A: they represent

the transportation cost and the traveling time for each vehicle k ∈ K respectively. With
each vertex j ∈ V are associated a load variation q j (positive for pickup and negative
for delivery operations), a service time s j , a hard time window [A j , B j ] and a soft time
window [a j ,b j ]; if the service at location j starts inside its soft time window no penalty
is incurred, otherwise a linear penalty must be paid, proportional to the anticipation or
delay through non-negative coefficients α j and β j respectively. Let Tj be the starting
time of service at location j ; the penalty term π(Tj ) is defined as follows:

π(Tj ) =

⎧
⎪⎨

⎪⎩

α j (a j − Tj ) if Tj < a j

0 if a j ≤ Tj ≤ b j

β j (Tj − b j ) if Tj > b j .

Each vehicle type k ∈ K has given capacitywk and fixed cost fk . A limited number of
vehicles is available: at most uhk vehicles of type k ∈ K can be based at depot h ∈ H.
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This represents the situation where different companies (each of them with its own
fleet and depot) share their resources.

The objective is to minimize the sum of vehicles fixed costs and routing costs
(including penalties), satisfying the following conditions:

I all customers are served,
II each customer is visited by one vehicle,

III each route begins at a depot and ends at the same depot,
IV the capacity of the associated vehicle is not exceeded,
V pickup and delivery operations for each customer are performed in the same route

(pairing constraints),
VI the pickup vertices are visited before the corresponding delivery vertices (prece-

dence constraints),
VII hard time windows constraints must be satisfied along each route,

VIII the number of available vehicles of each type for each depot is not exceeded.

We consider a set covering formulation of the MDHPDPSTW. We say that a route
is feasible if it visits some customers and satisfies conditions III, IV, V, VI and VII.
Let Ωhk be the set of all feasible routes using a vehicle of type k ∈ K from depot
h ∈ H and let Ω = ∪h∈H,k∈KΩhk be their union. We associate a binary variable zr

with each feasible route r ∈ Ωhk , which takes value 1 if and only if route r is selected.
Let eir be a binary coefficient with value 1 if and only if customer i ∈ N is visited by
route r . Let cr be the overall cost of route r , taking into account vehicle fixed cost fk ,
routing costs and penalties for soft time windows violations. With these definitions
we obtain the following integer linear programming model:

min
∑

h∈H

∑

k∈K

∑

r∈Ωhk

cr zr (1)

s.t.
∑

h∈H

∑

k∈K

∑

r∈Ωhk

eir zr ≥ 1 ∀i ∈ N (2)

∑

r∈Ωhk

zr ≤ uhk ∀h ∈ H, k ∈ K (3)

zr ∈ {0, 1} ∀h ∈ H, k ∈ K, r ∈ Ωhk (4)

Constraints (2) are standard set covering constraints, modeling condition I, while
constraints (3) impose limits on the maximum number of available vehicles of each
type at each depot, modeling condition VIII. The objective is to minimize the overall
cost of the selected routes. In the remainder we indicate this formulation as Master
Problem (MP).

3 Branch-and-price

We solve the linear relaxation of the MP to obtain a lower bound which is used in a
tree search algorithm. The number of variables is exponential in the cardinality of the
customer set N , thus we use a column generation approach.
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3.1 Column generation

We initially consider only a small subset of the variables in the MP. Such initial
Restricted Master Problem (RMP) includes

– a set of |N | columns, one for each customer, representing the optimal paths serving
one customer at a time,

– a set of columns representing a feasible MDHPDPSTW solution, found using a
greedy procedure, described in Sect. 3.3,

– an additional dummy column r̄ of very high cost, having eir̄ = 1∀i ∈ N and every
other coefficient set to 0.

The aim of the dummy column is to ensure feasibility at each node of the search tree.
We solve the linear relaxation of the RMP, and we search for columns which are

not in the RMP, but have negative reduced cost. If no such column exists, the solution
is optimal for the MP linear relaxation as well, and thus yields a valid lower bound
to the problem. On the opposite, if negative reduced cost columns are found, they are
inserted into the RMP.

Let λ and μ be the non-negative dual vectors corresponding respectively to con-
straints (2), and to constraints (3) rewritten as ≥ inequalities. The reduced cost of a
column encoding route r has the following form:

cr −
∑

i∈N
λi eir + μhk . (5)

The routes generated must comply with conditions III, IV, V, VI and VII and they
must be elementary according to condition II: it is important to note that the same
sequence of customers may correspond to a feasible or to an infeasible route according
to the type of vehicle and the depot it is associated with. For instance, different types of
vehicles imply different capacities. Moreover, cost cr and dual variables μhk depend
on both k and h. Therefore, at each column generation iteration we have to solve
|K| · |H| pricing problems. We also remark that it is never convenient to perform
cycles in a feasible solution, although the prize structure given by dual variables can
make it appealing; therefore, a search must be performed for elementary routes only.
Hence, given a particular depot h and vehicle type k, the problem of finding the most
negative reduced cost column encoding a route for vehicle k using depot h turns out to
be a Resource Constrained Elementary Shortest Path Problem (RCESPP); in particular
we have capacity, pickup and delivery, hard and soft time windows constraints.

We stop the multiple pricing procedure as soon as negative reduced cost columns
are found for some depot and vehicle type. This allows to keep the dual variables more
stable and to save time during the earliest column generation iterations.

The RCESPP is NP-hard [12]; we solve it using a bi-directional dynamic program-
ming method, which is based on the algorithm proposed by Liberatore et al. [18] for the
VRP with soft time windows, modified to deal with pickup and delivery constraints.

The main difficulty when dealing with soft time windows in column generation
algorithms is that the possibility of trading time versus cost generates an infinite
number of feasible solutions of the pricing problem that do not dominate one another.
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In algorithmic terms this means that the pricing algorithm must take into account an
infinite number of Pareto-optimal states. In the algorithm by Liberatore et al. [18]
different states are grouped into labels by means of a cost function that gives the
cost of the corresponding path for each feasible service starting time at the current
vertex.

We now describe the modified version of the dynamic programming procedure we
use in our algorithm.

3.1.1 Exact dynamic programming

Let us consider first the case of a single depot and a single vehicle type: let o and v be
the two distinct copies of the depot, representing the departure and arrival node and
let w be the capacity of the vehicle. In the remainder we drop the vehicle type index
k when we indicate symbols di j and ti j .

The solving technique consists of a bi-directional extension of node labels. We
propagate forward labels describing partial paths from the starting depot vertex o and
backward labels corresponding to partial paths ending in v. Then pairs of labels are
joined to obtain complete routes.

Modified costs. In principle, the route corresponding to the column of minimum
reduced cost (5) can be found by solving a RCESPP on a graph having costs di j

on edges, and prizes λl on vertices. However, it is computationally convenient to work
with a cost matrix that satisfies the delivery triangle inequalities, i.e. d̄i j + d̄ jk ≥ d̄ik

for all j ∈ D [23]. Since we use a bi-directional dynamic programming method, for
backward search we enforce the same property on the pickup vertices: d̄i j + d̄ jk ≥ d̄ik

for all j ∈ P . Therefore, in the following we consider modified traveling costs d̄i j and
modified vertex prizes λ̄l ; we defer the discussion on how to compute these modified
costs and prizes to Sect. 3.2.

States and labels. In bi-directional dynamic programming we associate forward states
and backward states to the vertices of the graph. A forward state associated with vertex
i ∈ V represents a path from the depot o to i . Different states associated with the same
vertex correspond to different feasible paths reaching that vertex. When a vehicle
reaches a vertex it can start the service immediately or it can wait and start the service
at a later time in order to reduce penalties in case of early arrival. Therefore from
each feasible state an infinite number of non-dominated states can be generated. The
dynamic programming algorithm deals with them by grouping states into labels.

Each label represents all the states generated by the same path. A label associated
with vertex i ∈ V is a tuple Li = (S, χ, Ψ,C(Ti ), i), where i is the last reached
vertex, S is the set of customers visited along the path, χ is the load of the vehicle
after visiting vertex i , Ψ is the set of “open” customers (the ones for which the pickup
operation has been performed but not yet the delivery), C is the cost of the path, Ti is
the time at which the service at vertex i begins. In each label the continuous function
C(Ti ) describes the trade-off between cost and time. This function is piecewise linear
and convex, because it is the sum of piecewise linear and convex functions, like the
one shown in Fig. 1, one for each visited vertex.
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Fig. 1 A soft time window at a generic vertex i ∈ V : a linear penalty πi is incurred depending on the
service starting time Ti

In the same way we define backward states, corresponding to paths from vertex i
to the final depot v represented by labels (S, χ, Ψ,C(Ti ), i), where Ti is the time at
which the service at vertex i ends. Of course here Ψ contains the customers for which
the delivery vertex is in the path, but the pickup is not.

Extension. The dynamic programming algorithm iteratively extends all feasible for-
ward and backward labels to generate new ones. The extension of a forward label
corresponds to appending an additional arc (i, j) to a path from o to i , obtaining a
path from o to j , while the extension of a backward label corresponds to appending
an additional arc ( j, i) to a path from i to v, obtaining a path from j to v.

In forward extensions the sets S and Ψ are initialized at ∅, the load χ is set to 0 and
the cost function is C(Ts) = 0 ∀Ts ≥ 0 at the starting depot vertex o.

The search is restricted to elementary paths by discarding extensions to any vertex
j corresponding to the pickup of a customer already in S. To satisfy precedence
constraints we also discard extensions to any vertex j corresponding to the delivery
location of a customer not inΨ . Further, we cannot exceed the capacity of the vehicle,
thus we must have

χ + q j ≤ w.

When a label (S, χ, Ψ,C(Ti ), i) is extended forward to a vertex j , a new label
(S′, χ ′, Ψ ′,C(Tj )

′, j) is computed using the following rules.
If j is a pickup vertex

S′ = S ∪ {φ( j)} (6)

χ ′ = χ + q j (7)

Ψ ′ = Ψ ∪ {φ( j)} (8)

C ′(Tj ) = C(Tj − (si + ti j ))+ d̄i j + λ̄ j + π j (Tj ). (9)

while if j is a delivery vertex

S′ = S (10)
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Fig. 2 Forward extension of a label to vertex j . The C ′ function resulting from the extension is the sum
of the C function of the source label suitably shifted and the penalty function π j

χ ′ = χ + q j (11)

Ψ ′ = Ψ \{φ( j)} (12)

C ′(Tj ) = C(Tj − (si + ti j ))+ d̄i j + π j (Tj ). (13)

In this expression the cost function of the predecessor is evaluated at Ti = Tj −(si +ti j ),
which is the latest time instant at which the service at vertex i should begin to allow
starting the service at vertex j at time Tj . Figure 2 shows an example of forward
extension. In graphical terms, the cost function C(Ti ) is shifted (black line) to the
right by the service time at vertex i , that is si , plus the traveling time ti j spent to reach
vertex j , and it is shifted vertically by the traveling cost d̄i j . Then it is summed to
the penalty term π j , which depends on the arrival time Tj . If C(Ti ) is continuous and
convex, then the resulting function C(Tj ) preserves both these properties. The number
of segments in these piecewise linear functions is increased by at most two at every
extension.

The extension rules for backward propagation are similar, but the role played by
pickup and delivery vertices is switched. Backward initialization consists of start-
ing with a label corresponding to the final depot, with S = ψ = ∅, χ = 0 and
C(Tv) = 0 ∀Tv ≤ M , where Tv represents the arrival time at the final depot
v and M is a “big enough” value, i.e. a constant larger than max j∈V {b j + t jv}.
When a label (S, χ, Ψ,C(Ti ), i) is extended backward to a vertex j , a new label
(S′, χ ′, Ψ ′,C(Tj )

′, j) is computed using the following rules.
If j is a pickup vertex

S′ = S (14)

χ ′ = χ + q j (15)

Ψ ′ = Ψ \{φ( j)} (16)
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C ′(Tj ) = C(Tj + (si + t j i ))+ d̄ j i + π̂ j (Tj ). (17)

while if j is a delivery vertex

S′ = S ∪ {φ( j)} (18)

χ ′ = χ + q j (19)

Ψ ′ = Ψ ∪ {φ( j)} (20)

C ′(Tj ) = C(Tj + (si + t j i ))+ d̄ j i + λ̄ j + π̂ j (Tj ). (21)

The cost function of the successor is evaluated at Ti = Tj + si + t j i which is the
earliest possible time at which the service at vertex i should end in order to end at time
Tj the service at vertex j . Since in backward propagation times refer to the end of the
service, we have to consider also shifted penalty functions π̂(Ti ) = π(Ti − si ).

The algorithm iteratively extends forward and backward labels to all possible suc-
cessors or predecessors respectively. In order to limit the extension of forward and
backward labels and to reduce useless duplication of paths, we impose that each par-
tial path can use at most half of a critical resource whose consumption is monotone
along the paths. The most useful critical resource is the tightest one. In our case the
only meaningful choice is time.

Dominance rules. The ability to reduce the number of states generated plays a crucial
role in the effectiveness of dynamic programming algorithms. We first remove from
each label part of the cost function encoding feasible states that cannot lead to an
optimal solution and then we apply dominance rules to fathom labels.

Let us consider a generic forward label, like the one in Fig. 3. Since it is possible
to wait at no cost, all the states corresponding to value of service starting time for
which the first derivative of the cost function is positive are dominated by states of
the same label with smaller cost and time. In graphical terms the rightmost part of the
piecewise linear function is always an unbounded horizontal half line, that replaces

Fig. 3 A generic forward label cost function. The rightmost part of the function, with positive first derivative,
is replaced by an horizontal segment
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all the segments with positive first derivative. Further, any service starting time Ti that
falls outside the hard time window of the last visited customer is infeasible. Hence, the
domain of the cost function is restricted to the interval [Ai , Bi ]. Symmetric arguments
can be applied to backward labels: an unbounded horizontal half line replace the
leftmost segments, with negative slope, and the domain of the function is bounded by
the hard time window of the current vertex.

The second strategy to reduce the number of explored states consists in a test, based
on a set of dominance rules, that allows to identify states that cannot lead to an optimal
solution of the RCESPP. Those states can of course be discarded without losing the
optimality guarantee.

Let l ′ = (S′, χ ′, Ψ ′,C ′(T ′
i ), i) and l ′′ = (S′′, χ ′′, Ψ ′′,C ′′(T ′′

i ), i) be two forward
or backward states associated with node i . Then the former dominates the latter if the
following conditions are satisfied

(a) S′ ⊆ S′′

(b) χ ′ ≤ χ ′′

(c) Ψ ′ = Ψ ′′

(d) T ′
i ≤ T ′′

i

(e) C ′(T ′
i ) ≤ C ′′(T ′′

i ).

Since for any label the load of the vehicle is uniquely determined by the open customer
set, condition (b) is implied by condition (c) and it is, therefore, redundant. Further, as
shown in Feillet et al. [14], it is sometimes possible to identify some vertices u ∈ N
that cannot be reached by any feasible extension of a given label, because of resource
limitations. In this case it is useful to insert u in the set S of that label: it is easy to check
that enlarging set S′′ helps satisfying condition (a); at the same time, if a node cannot
be reached by extending label l ′ due to resource limitations, it cannot be reached by
extending label l ′′ either, since resource consumption in l ′′ is not lower. Therefore,
enlarging each set S allows dynamic programming fathoming more labels and hence
helps to reduce the computational time.

As shown in [23], if the delivery triangle inequalities hold in the modified cost
matrix, for forward labels the dominance condition (c) can be relaxed to

(c′) Ψ ′ ⊆ Ψ ′′

since we have the guarantee that visiting a delivery node cannot make the path cheaper.
This weaker dominance rule allows to fathom a larger number of states. The same con-
sideration is true for backward labels if we substitute the delivery triangle inequalities
with the pickup triangle inequalities. In Sect. 3.2 we describe a technique for gen-
erating suitable modified costs, respecting triangle inequalities for both forward and
backward propagation at the same time.

When dominance is applied to single states and the tests succeed, the result is to
remove the dominated one. In our case we have labels each representing an infinite
number of states. The effect of the dominance test is to delete some parts of the cost
functions (see Fig. 4). The states surviving the test are those of minimum cost for

123



A branch-and-price algorithm for the multi-depot heterogeneous-fleet 181

Fig. 4 As an effect of the dominance test, some parts of the piecewise linear functions are deleted. Only
the states drawn with heavy lines are non-dominated and survive the test

each feasible starting service time. As a consequence the resulting cost function may
contain gaps and it is not convex in general.

When a new label is generated, it is tested against all the other labels referred to the
same vertex. If S′ = S′′ and Ψ ′ = Ψ ′′ the two labels are merged into one. This way at
most one piecewise linear function is kept for each combination of S, Ψ and i . In this
case the new function may contain vertical gaps and concavities, like the one obtained
considering the heavy lines (both black and gray) in Fig. 4. Instead, if S′ ⊂ S′′ or
Ψ ′ ⊂ Ψ ′′ only the states in label l ′′ can be dominated while l ′ is left unchanged. The
new cost function C ′′ may contain horizontal gaps (black heavy lines in Fig. 4):

Join. Forward and backward paths must be joined together to produce complete o–v
paths. The result of the join is a feasible solution if all the resource constraints are
satisfied. When a forward path (S fw, χ fw,Ψ fw,C fw, i) is joined with a backward
path (Sbw, χbw,Ψ bw,Cbw, j), the feasibility conditions are:

Ψ fw = Ψ bw

S fw
⋂

Sbw = Ψ fw

T bw
j − T fw

i ≥ si + ti j + s j

If the join is feasible, then the cost of the resulting path can be obtained as the minimum
of the function

C(T ) = C fw
(

T − si − ti j

2

)

+ d̄i j +
∑

l∈Ψ fw

λ̄l + Cbw
(

T + s j + ti j

2

)

.
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Fig. 5 When a forward and a backward labels are joined together, the two corresponding cost functions
(bold lines) are summed up. The resulting piecewise linear function (thin line) may have multiple local
minima. All its points below 0 correspond to negative reduced cost routes

The term
∑

l∈Ψ fw λ̄l is needed because the prizes of the customers inΨ fw = Ψ bw are
counted twice, once in the forward and once in the backward label. This function may
have several local minima, as shown in Fig. 5. The reduced cost of the global minimum
of this function is checked: if it is negative a new column is generated. The detection
of the global minimum takes time linear in the number of discontinuity points of the
two piecewise linear functions, since it requires a merge operation between two sorted
lists (see below).

Also we try to join labels before the end of the extension phase: after generating a
bunch of new labels, the Join operation is tentatively performed in search for negative
reduced cost columns. If it succeeds, then pricing is stopped; otherwise a new bunch
of new labels is generated. In our experiments each bunch included 50,000 new labels.

Implementation details. Cost functions are encoded as a list of segments sorted by
increasing values of time. For each segment the start point, the end point, the slope
and the intercept of the line containing the segment are stored.

The propagation of a cost function requires, as explained above, a shift operation
and a sum between the cost function of the label and the penalty function of the vertex.
The shift operation is trivial: we scan all the segments in the line and we increase the
coordinates of the extreme points by the required amount. To compute the sum of two
cost functions, we scan their lists simultaneously starting from the leftmost segments
(i.e., smallest time). At each iteration a segment corresponding to each common time
interval is created. The cost value of the extreme points of the new segment is the
sum of the values of the two functions at that point in time. Then we move to the next
segment of the function with the smallest starting time. The computational complexity
is linear in the number of segments of the two functions.

When two labels are merged, the cost function of the resulting label is the minimum
of the cost functions of the original labels. As for the extension, a parallel scan of the
two functions is performed. At each iteration the next breakpoint is computed. A
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breakpoint might be an extreme point of a segment or the intersection point of two
segments. For each breakpoint the minimum cost among the two original functions
is selected. The computational complexity is linear in the number of segments of the
two functions.

A similar operation is performed during pairwise dominance check. Let us assume
we have to check if a label L ′′ is dominated by a label L ′. We scan the two cost
functions to identify the minimum for each time value. In this case the new segments
are added to the resulting function only if they were part of the potentially dominated
label L ′′. If the resulting function does not contain any segment, then L ′′ is fully
dominated and can be discarded. If the resulting function is non-empty, it becomes the
new cost function of L ′′. The computational complexity is again linear in the number
of segments of the two functions.

It is of course necessary to store in the labels also the information to get the asso-
ciated partial path. Merge operations generate labels where a different path might be
associated with each segment of the cost function. Thus, this information has to be
stored for each segment.

In principle it would be sufficient to store a pointer to the predecessor. Unfortunately,
this is not possible in our configuration: in order to save memory, dominated labels
are deleted.

Decremental state space relaxation. The dynamic programming algorithm is executed
iteratively applying decremental state space relaxation [6,22]. The idea is to project the
state space of the problem to a smaller one, by removing some elementarity constraints.
From an algorithmic point of view, this amounts to identify a set of critical customers
Ñ , and to replace extension rule (6) as

S′ = (S ∪ {φ( j)}) ∩ Ñ

This relaxed problem remains an ESPPRC but it can be solved more efficiently, since
more labels can be compared in the dominance test.

In order to identify a good critical node set, we initialize Ñ = ∅; then we iteratively
solve the state space relaxation of the pricing problem and insert in the set Ñ all the
nodes visited more than once in the optimal path, until we find an elementary one.

Other acceleration techniques for this class of labeling algorithms have been
recently proposed in the literature. Baldacci et al. [4] proposed a new state-space
relaxation, called ng-route relaxation for the RCESPP; Pecin et al. [20] developed an
efficient ng-route pricing in which a DSSR technique is embedded into the ng-route
relaxation. Contardo et al. [9] introduced the so-called strong degree constraints, a
new family of valid inequalities that impose partial elementarity.

3.1.2 Heuristic pricing

As stated before, the pricing subproblem is difficult to solve. Following [23], we
construct a graph Gρ in which each vertex i ∈ V is incident with at most ρ outgoing
arcs reaching a pickup vertex and ρ outgoing arcs reaching a delivery vertex. We
choose the arcs that are cheapest with respect to d̄i j . Then we add the arcs connecting
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the starting depot vertex o with the pickup vertices and the delivery vertices with the
ending depot v. We then call the dynamic programming method on Gρ . The described
algorithm will be called Restricted Graph Dynamic Programming (RGDP). In our
experiments we set ρ = 10.

3.2 Costs redistribution

As shown by Ropke and Cordeau [23], it is computationally convenient to work with
a cost matrix that satisfies the delivery triangle inequalities, i.e. d̄i j + d̄ jk ≥ d̄ik for
all j ∈ D, ∀i, k ∈ P ∪ D, because it allows to apply weaker dominance rules. The
authors proposed a method to transform an arbitrary cost matrix into a cost matrix that
satisfies the delivery triangle inequality while maintaining the optimal solution of the
pricing problem. However their method does not enforce the pick-up triangle inequality
and therefore they could not successfully apply bi-directional dynamic programming.
Hereafter we propose a method to redistribute and possibly modify the graph weights
in the pricing problem, allowing for bi-directional dynamic programming. For this
purpose we need the triangle inequality to hold on the pickup vertices: d̄i j + d̄ jk ≥
d̄ik for all j ∈ P, ∀i, k ∈ P ∪ D. To achieve this, we solve the following linear
program

min y

s.t. d̄i j = di j + γ out
i + γ in

j ∀i, j ∈ P ∪ D ∪ H
d̄i j + d̄ jk ≥ d̄ik ∀i, j, k ∈ P ∪ D
d̄i j + d̄ jk ≥ d̄ik ∀i ∈ H, ∀ j, k ∈ P ∪ D
d̄i j + d̄ jk ≥ d̄ik ∀i, j ∈ P ∪ D, ∀k ∈ H
λ̄l = λl + γ in

ξ+(l) + γ out
ξ+(l) + γ in

ξ−(l) + γ out
ξ−(l) ∀l ∈ N

γ in
i = γ out

i ∀i ∈ H
y ≥ λ̄l ∀l ∈ N
λ̄l ≥ 0 ∀l ∈ N

where variables γ in
i and γ out

i represent the cost which is shifted from each vertex
to its incident edges. We obtain a modified cost matrix d̄ that satisfies the triangular
inequalities and a set of prizes λ̄l associated with the customers. It is easy to see that
a feasible solution always exists, for large enough values of the variables γ . In case
many such matrices exist, the linear program identifies one minimizing the magnitude
of vertex prizes. In the dynamic programming procedure, we assign to a path the prize
of a customer when the pickup vertex is reached during forward propagation, or when
the delivery vertex is reached during backward propagation. In this way we ensure
delivery triangle inequalities in the former case and pickup triangle inequalities in the
latter. Moreover we have the guarantee that the cost of any o–v path does not change
if computed with d̄ and λ̄ instead of d and λ.
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3.3 Primal heuristic

We use a simple greedy heuristic to obtain an initial primal bound. We start with
an empty route and a randomly selected vehicle. We select the customer (among the
ones not yet covered) which can be inserted into the route with the smallest cost
increase and we add it. We recall that each customer requires to visit two vertices.
Thus, we evaluate their insertion in all the feasible positions along the route. If no
customer can be feasibly inserted, we start a new route. The process is iterated until all
customer has been satisfied. If the limit on the number of available vehicles is tight the
heuristic may fail in finding a complete solution. Nevertheless the columns identified
by the algorithm can be used to initialize the restricted master problem, as mentioned
earlier.

3.4 Branching strategy

We use two branching policies, described hereafter; they are similar to those described
in [25] and widely used in the literature for the VRP.

Branching on the number of vehicles. Let z̄r be the (possibly fractional) value of
each variable zr in the optimal MP fractional solution and let yhk = ∑

r∈Ωhk
z̄r be

the (possibly fractional) number of vehicles of type k in such solution. We select the
vehicle type k̄ and the depot h̄ whose corresponding yh̄k̄ variable has its fractional
part closest to 0.5; then we perform binary branching, imposing to use at least �yh̄k̄
vehicles of type k̄ in one child node and no more than �yh̄k̄� in the other.

These branching decisions are handled as follows: first, we modify constraints (3)
as follows

lk ≤
∑

r∈Ωhk

zr ≤ uk ∀h ∈ H, k ∈ K (22)

then we set lh̄k̄ = �yh̄k̄ in one child node, uh̄k̄ = �yh̄k̄� in the other.
The advantage of this branching technique is to leave the pricing subproblem

unchanged: dual variables μk still appear as constants in the objective function of
the pricing problem, but they are now unrestricted in sign. On the other hand con-
straints (22) belong to the MP, which is solved as a linear programming problem, and
tightening them usually results in rather weak improvements in the lower bound.

Branching on arcs. When yhk is integer for all combinations of depots h ∈ H and
vehicle types k ∈ K , we apply a different branching rule which forbids the use of
some arcs. We choose the customer i ∈ R that is split among the largest number of
routes in the optimal fractional solution of MP and we forbid half of its outgoing arcs
to be used in the first child node, and the other half to be used in the second child node.
Fixing an arc variable to 0 is equivalent to assign the arc an infinite cost. Therefore it is
no longer possible to have a modified cost matrix that satisfy pickup (delivery) triangle
inequalities. As a consequence, we cannot use dominance rule (c′) after branching on
arcs and therefore in this case we switch to rule (c).
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Table 1 Characteristics of the
RCL07 instances

Class Q W

AA 15 60

BB 20 60

CC 15 120

DD 20 120

4 Experimental analysis

Implementation and hardware. Our algorithms have been implemented in C++, using
SCIP 2.0.1 [1] as a branch-and-cut-and-price framework. Our version of SCIP embeds
the CPLEX 12.4 implementation of the simplex algorithm to solve LP subproblems,
and automatically switches between primal and dual simplex, depending on the char-
acteristics of each instance. SCIP performs advanced management of the column and
row pools, including their removal and re-insertion. We turned off preprocessing and
automatic cut generation features, but we kept all other parameters at their default
values, including the decision tree search policy.

The results reported in this section are obtained using a single core of an Intel Core
2 Duo 3 GHz workstation equipped with 2 GB RAM, running Linux OpenSuse 11.
The time limit was set to two hours in all tests.

Benchmark instances. To test our algorithm we considered a set of instances (RCL07)
proposed by Ropke and Cordeau [23] for the pickup and delivery problem with time
windows. The instances were produced with a generator similar to that initially pro-
posed by Savelsbergh and Sol [27]. In all instances, the coordinates of each pickup
and delivery location are chosen randomly, according to a uniform distribution over
the [0, 50] × [0, 50] square; the values of dk

i j and tk
i j are given by Euclidean distances

and they do not depend on vehicle types. The load qi of request i is selected ran-
domly from the interval [5, Q], where Q is the vehicle capacity. A planning horizon
of length T = 600 is considered, and each time window has width W . In all instances
the primary objective consists of minimizing the number of vehicles and a fixed cost
of 104 is thus imposed on each vehicle type. The instances are grouped in four classes
according to the different values of Q and W . The characteristics of these classes are
summarized in Table 1. There are ten instances with 30 ≤ n ≤ 75 for each class. The
name of each instance (e.g., AA50) indicates the class to which it belongs and the
number of requests it contains.

Instances RCL07 have hard time windows. In order to test our algorithm, we intro-
duced three soft time windows patterns:

I ai = Ai , bi = Bi , αi = βi = ∞ ∀i ∈ N ;
II ai = Ai + Bi −Ai

3 , bi = Bi − Bi −Ai
3 , αi = βi = 1.5 ∀i ∈ N ;

III ai = Ai + Bi −Ai
2 , bi = Bi − Bi −Ai

2 , αi = βi = 1 ∀i ∈ N .

The corresponding penalty functions are depicted in Fig. 6.
Finally, we derived a forth data-set (RCL07_H) with two depots and three vehicle

types with capacities 15, 20 and 25 and fixed costs 100, 150, and 200. Only type II

123



A branch-and-price algorithm for the multi-depot heterogeneous-fleet 187

Fig. 6 Penalty functions corresponding to the different soft time windows types

time windows were considered for this data-set, being the most generic and realistic
version of soft time windows.

We also considered another data-set (LI_LIM) which includes a subset of the
instances proposed by Li and Lim for the PDPTW. These instances originate from the
Solomon VRPTW instances and they involve approximately 100 customer requests.

In Sect. 4.1 we present the results of the overall branch-and-price algorithm; in
Sect. 4.2 we discuss the impact of the soft time windows on the optimal solutions of
the pickup and delivery problem.

4.1 Branch-and-price

The first set of experiments concerns the branch-and-price algorithm. It uses the heuris-
tic pricer with the restricted graph (RGDP) combined with the exact dynamic program-
ming. We consider data-set RCL07 with the three different types of time windows (type
I, II and III), where type I coincides with hard time windows, and the other two types
correspond to soft time windows. In Tables 2, 3 and 4 we show the results obtained

Table 2 BCP average results,
data-set RCL07, type I

Class Solved Avg. gap % Avg. time Avg. nodes

AA 10/10 0.0 355.9 128.2

BB 9/10 0.1 72.1 60.3

CC 7/10 15.8 1,006.8 244.3

DD 6/10 26.6 1,488.7 209.8

Table 3 BCP average results,
data-set RCL07, type II

Class Solved Avg. gap % Avg. time Avg. nodes

AA 10/10 0.0 114.1 21.4

BB 9/10 0.0 41.0 16.8

CC 7/10 15.8 258.3 35

DD 5/10 9.4 290.1 19.2

Table 4 BCP average results,
data-set RCL07, type III

Class Solved Avg. gap % Avg. time Avg. nodes

AA 10/10 0.0 135.2 35.4

BB 9/10 0.0 54.3 35.6

CC 7/10 20.8 516.9 83.6

DD 7/10 23.4 661.5 27.6
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by the branch-and-price algorithm on instances featuring time windows of type I, II,
and III, respectively. We show average results for each class of instances: in particular,
we present the number of solved instances (out of 10), the average percentage gap
(for the instances not solved to optimality), the average computing time and average
number of explored nodes (for the instances solved to optimality). Detailed results are
reported in Tables 5, 6, and 7. For each instance the upper bound, the lower bound and
the computing time for the root node, the lower bound, the percentage gap between
LB and UB (Gap %), the computational time in seconds and the number of explored
nodes for the full branch-and-price method are reported (Table 8). Table 5 has also a
column (Z∗) with the best known solutions. As one can see, the approach is robust
with respect to the specific penalty function considered. On instances of class CC and
DD more severe penalty functions yield shorter computing times; a similar effect is
observed on instances of class AA and BB introducing type II time windows. We tried
to explain this phenomenon as follows: when hard time windows are wide the pricing
algorithm must explore a large search space; introducing penalties allows to consider
a smaller number of promising solutions. When time windows are not so wide and
type III time windows are introduced, however, such an advantage is lost due to the
complexity of label cost functions.

For a few instances the remaining gap at the end of computation is still high. We
observed that, in general, tight lower bounds are either obtained at the root or after
exploring very few nodes by branching on the number of vehicles. Therefore, we
conjecture that large gaps are due to poor upper bounds. Indeed, no sophisticated
primal heuristic has been introduced, as this was not the main focus of this work.
In addition, these instances have very high vehicles fixed cost: as a consequence, a
difference of a single vehicle between the primal and the dual solutions is enough to
produce a gap as large as 20–30 %.

In Table 9 and 10 the same information is shown for instances RCL07_H. As
mentioned before, these instances have 2 depots and 3 vehicle types. Our algorithm
solved, within the time limit, all the instances with narrow time windows (classes AA
and BB) and 12 instances out of 20 with broad time windows (classes CC and DD).

We observe that, when tested on instances with time windows of type I (only hard
time windows), single depot and homogeneous fleet, the number of instances closed
within two hours by our method is similar to that of Ropke and Cordeau [23] and Bal-
dacci et al. [3], even these algorithms are especially tailored to solve a simpler problem.

We have also tested the branch-and-price procedure on data-set LI_LIM. Results are
reported in Table 11. These instances proved much more difficult and in several cases
our algorithm was unable to complete the evaluation of the root node within the time
limit. This is due to the large size size of the instances and to the the width of the time
windows. This difficulty in solving LI_LIM instances confirms the experiments of [23].

4.2 Impact of soft time windows

The last set of experiments was conducted in order to understand the impact of the soft
time windows on the optimal solutions. In the first test we analyze how the routing
cost changes when soft time windows are introduced with respect to a scenario where
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Table 5 Data-set RCL07, soft time windows type I

Instance Z∗ Root node Branch-and-price

UB LB Time (s) LB Gap % Time (s) Nodes

aa30 31,119.1 31,119.1 26,171.0 2.2 31,119.1 0.0 3.3 5

aa35 31,299.8 31,299.8 26,361.3 4.7 31,299.8 0.0 21.5 56

aa40 31,515.9 31,515.9 31,506.6 6.8 31,515.9 0.0 33.7 44

aa45 31,759.8 31,759.8 31,759.8 11.6 31,759.8 0.0 11.6 1

aa50 41,775 41,775 34,092.9 20.5 41,775.0 0.0 83.9 75

aa55 41,907.8 41,907.8 36,988.9 18.2 41,907.8 0.0 37.6 8

aa60 42,140.7 42,140.7 38,887.7 24.3 42,140.7 0.0 117.5 38

aa65 42,250.2 42,250.2 40,017.2 25.2 42,250.2 0.0 131.0 26

aa70 42,452.3 42,452.3 41,239.3 28.1 42,452.3 0.0 2,296.6 714

aa75 52,461.6 52,461.6 43,163.7 55.3 52,461.6 0.0 822.8 315

bb30 31,086.3 31,086.3 22,628.2 2.3 31,086.3 0.0 2.8 3

bb35 31,281.2 31,281.2 27,057.8 3.0 31,281.2 0.0 5.0 9

bb40 31,493.4 31,493.4 30,303.7 4.8 31,493.4 0.0 11.3 8

bb45 41,555.1 41,555.1 32,753.3 10.9 41,555.1 0.0 16.9 14

bb50 41,701 41,701 35,928.4 10.5 41,701.0 0.0 19.3 16

bb55 41,885.7 41,885.7 39,781.5 18.9 41,885.7 0.0 21.7 3

bb60 62,420.1 62,420.1 54,925.4 17.5 62,420.1 0.0 76.4 71

bb65 62,639.1 62,639.1 55,910.3 14.7 62,639.1 0.0 61.4 58

bb70 62,951 62,951 61,532.9 16.1 62,951.0 0.0 434.4 361

bb75 63,127.5 63,127.5 62,229.8 23.1 63,083.8 0.1 t.l. 3,641

cc30 31,087.7 31,087.7 22,810.1 7.5 31,087.7 0.0 8.5 5

cc35 31,230.6 31,230.6 24,248.1 23.0 31,230.6 0.0 45.7 40

cc40 31,358.5 31,358.5 25,289.4 67.0 31,358.5 0.0 175.3 154

cc45 31,509.1 31,509.1 28,939.1 151.2 31,509.1 0.0 481.4 57

cc50 41,685.3 41,685.3 34,058.2 60.0 41,685.3 0.0 419.0 131

cc55 41,836.3 41,836.3 36,425.0 73.1 41,836.3 0.0 1912.9 632

cc60 42,009.3 42,009.8 37,838.7 123.6 42,000.0 0.0 t.l. 1,961

cc65 42,164 52,434.1 39,480.2 194.2 42,141.9 24.3 t.l. 650

cc70 52,201.7 52,240.1 42,116.0 322.8 42,384.2 23.2 t.l. 239

cc75 52,359 52,359 43,562.3 418.1 52,359.0 0.0 4,005.4 691

dd30 21,133.3 21,133.3 18,702.2 24.7 21,133.3 0.0 47.1 21

dd35 31,210.9 31,210.9 21,524.9 32.0 31,210.9 0.0 64.9 46

dd40 31,352.2 31,352.2 23,138.2 77.5 31,352.2 0.0 167.1 52

dd45 31,483.9 31,483.9 24,872.1 193.5 31,483.9 0.0 658.6 200

dd50 31,600.9 31,600.9 26,587.2 227.3 31,600.9 0.0 3,313.1 687

dd55 31,743.3 31,743.9 28,831.3 364.9 31,743.3 0.0 4,681.5 253

dd60 32,069.2 42,559.7 31,458.3 303.1 31,981.4 33.4 t.l. 95

dd65 42,107.3 52,230 35,313.1 249.7 42,087.0 24.3 t.l. 898

dd70 42,214.2 52,604.8 36,690.6 688.4 42,195.8 24.4 t.l. 431

dd75 42,359.9 52,812.8 38,759.5 546.2 42,340.3 24.5 t.l. 302

123



190 A. Bettinelli et al.

Table 6 Data-set RCL07, soft time windows type II

Instance Root node Branch-and-price

UB LB Time (s) LB Gap % Time (s) Nodes

aa30 31,245.1 26,537.8 2.1 31,245.1 0.0 2.7 3

aa35 31,558.1 27,162.7 4.7 31,558.1 0.0 6.2 3

aa40 32,107.0 32,107.0 6.5 32,107.0 0.0 6.5

aa45 32,838.5 32,799.5 14.0 32,838.5 0.0 37.6 11

aa50 42,055.8 35,272.9 21.7 42,055.8 0.0 48.4 19

aa55 42,224.7 38,014.4 34.1 42,224.7 0.0 63.3 10

aa60 42,761.8 40,069.2 23.6 42,761.8 0.0 120.4 48

aa65 43,125.8 41,388.9 35.1 43,125.8 0.0 199.4 37

aa70 43,776.2 43,169.9 45.2 43,776.2 0.0 320.7 58

aa75 52,864.7 45,104.6 77.5 52,864.7 0.0 335.7 24

bb30 31,183.2 23,336.0 2.3 31,183.2 0.0 3.1 3

bb35 31,481.5 27,888.4 4.5 31,481.5 0.0 6.4 3

bb40 32,027.1 31,215.4 5.9 32,027.1 0.0 8.2 3

bb45 41,732.6 33,716.4 12.0 41,732.6 0.0 15.1 3

bb50 41,989.1 37,068.0 12.1 41,989.1 0.0 16.3 3

bb55 42,468.0 40,926.6 29.7 42,468.0 0.0 41.8 7

bb60 62,898.7 55,987.7 17.6 62,898.7 0.0 25.7 5

bb65 63,235.5 57,199.7 19.8 63,235.5 0.0 43.1 17

bb70 63,944.1 62,945.8 23.9 63,944.1 0.0 209.3 107

bb75 64,455.3 63,788.0 33.5 64,433.6 0.0 t.l. 3,407

cc30 31,380.1 23,959.1 10.9 31,380.1 0.0 11.9 3

cc35 31,576.0 25,602.8 78.7 31,576.0 0.0 85.5 5

cc40 31,878.7 27,074.1 89.4 31,878.7 0.0 244.6 119

cc45 32,640.8 30,955.9 279.0 32,640.8 0.0 570.5 30

cc50 42,326.7 36,354.2 78.7 42,326.7 0.0 322.7 68

cc55 42,983.7 39,133.2 135.1 42,983.7 0.0 239.1 17

cc60 43,363.2 40,940.5 283.4 43,363.2 0.0 333.8 3

cc65 54,363.7 42,752.7 234.2 44,136.3 23.2 t.l. 344

cc70 56,811.3 45,705.9 316.5 45,822.2 24.0 t.l. 102

cc75 53,578.7 47,350.0 526.9 53,474.4 0.2 t.l. 611

dd30 21,629.2 20,294.2 50.0 21,629.2 0.0 57.4 3

dd35 31,491.7 23,427.8 62.9 31,491.7 0.0 96.7 22

dd40 31,684.6 25,208.7 94.1 31,684.6 0.0 104.4 5

dd45 31,971.8 27,262.9 248.3 31,971.8 0.0 265.5 3

dd50 32,292.9 29,054.2 206.7 32,292.9 0.0 926.5 63

dd55 33,141.3 31,549.5 604.2 32,980.1 0.5 t.l. 146

dd60 42,494.3 34,623.6 452.5 34,740.0 22.3 t.l. 104

dd65 42,907.9 38,547.2 483.4 42,889.7 0.0 t.l. 655

dd70 43,256.6 40,156.8 838.7 43,198.0 0.1 t.l. 112

dd75 54,352.8 42,269.9 899.9 43,885.9 23.9 t.l. 48
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Table 7 Data-set RCL07, soft time windows type III

Instance Root node Branch-and-price

UB LB Time (s) LB Gap % Time (s) Nodes

aa30 31,470.9 26,791.3 2.6 31,470.9 0.0 3.3 3

aa35 31,848.6 27,470.6 4.7 31,848.6 0.0 7.2 5

aa40 32,498.0 32,498.0 5.4 32,498.0 0.0 5.4 1

aa45 33,256.1 33,242.5 12.8 33,256.1 0.0 31.4 10

aa50 42,478.3 35,685.4 18.8 42,478.3 0.0 48.2 19

aa55 42,802.2 38,525.1 34.2 42,802.2 0.0 85.3 19

aa60 43,358.7 40,647.7 21.9 43,358.7 0.0 281.5 103

aa65 43,790.4 42,009.7 31.5 43,790.4 0.0 250.8 68

aa70 44,450.7 43,784.3 35.4 44,450.7 0.0 232.4 54

aa75 53,621.6 45,777.8 66.4 53,621.6 0.0 406.9 72

bb30 31,348.7 23,562.9 2.1 31,348.7 0.0 2.9 3

bb35 31,755.7 28,158.6 4.1 31,755.7 0.0 5.5 3

bb40 32,365.2 31,534.2 5.5 32,365.2 0.0 8.1 3

bb45 42,058.0 34,070.4 10.4 42,058.0 0.0 14.1 3

bb50 42,387.8 37,477.0 12.7 42,387.8 0.0 16.8 3

bb55 42,982.8 41,385.6 24.6 42,982.8 0.0 61.0 25

bb60 63,322.7 56,426.1 17.1 63,322.7 0.0 27.6 8

bb65 63,745.2 57,688.7 15.6 63,745.2 0.0 24.6 5

bb70 64,522.4 63,479.8 23.0 64,522.4 0.0 328.2 267

bb75 65,000.0 64,328.1 26.8 64,985.9 0.0 7,200.1 3,040

cc30 31,836.3 24,426.2 9.8 31,836.3 0.0 12.0 5

cc35 32,207.1 26,164.3 22.5 32,207.1 0.0 28.1 3

cc40 32,636.3 27,810.1 85.2 32,636.3 0.0 117.2 15

cc45 33,510.5 31,741.9 152.5 33,510.5 0.0 2,266.7 417

cc50 43,217.7 37,189.9 46.4 43,217.7 0.0 152.6 46

cc55 43,928.2 39,970.1 131.8 43,928.2 0.0 373.1 61

cc60 44,470.7 41,925.7 212.2 44,470.7 0.0 668.6 38

cc65 55,543.0 43,830.1 207.5 45,325.5 22.5 7,200.3 459

cc70 65,682.8 46,913.6 388.6 46,972.5 39.8 7,203.3 107

cc75 54,858.5 48,622.5 737.3 54,824.5 0.1 7,200.1 848

dd30 22,262.1 20,826.9 47.8 22,262.1 0.0 51.6 3

dd35 32,049.4 24,080.3 48.9 32,049.4 0.0 59.2 3

dd40 32,379.1 25,954.1 81.5 32,379.1 0.0 96.0 9

dd45 32,774.4 28,082.6 188.3 32,774.4 0.0 210.1 3

dd50 33,281.4 29,960.9 151.4 33,281.4 0.0 462.3 30

dd55 34,114.7 32,542.7 421.2 34,114.7 0.0 3,051.8 116

dd60 43,374.5 35,707.4 337.1 35,841.4 21.0 7,210.7 75

dd65 44,121.6 39,704.4 340.8 44,121.6 0.0 699.1 29

dd70 55,426.3 41,364.4 873.8 44,681.7 24.1 7,200.4 145

dd75 56,839.0 43,630.2 1,142.6 45,459.0 25.0 7,202.5 72
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Table 8 Average results for soft, inner and outer time windows

Soft TW value Outer Inner

Class Solved Avg. time Avg. nodes Solved Avg. time Avg. nodes Solved Avg. time Avg. nodes

AA 10/10 114.1 21.4 10/10 355.9 128.2 10/10 6.9 3.4

BB 9/10 41.0 16.8 9/10 72.1 60.3 10/10 3.1 1.7

CC 7/10 245.7 40.3 7/10 507.1 169.8 10/10 4.4 18.7

DD 5/10 290.1 19.2 6/10 850.1 201.2 10/10 3.5 3.0

To compute the average time and number of nodes, only the instances solved to optimality by all three
configurations have been considered

Table 9 BCP average results,
data-set RCL07_H

Class Solved Avg. gap % Avg. time Avg. nodes

AA 10/10 0.0 1,021.8 83.5

BB 10/10 0.0 536.1 275.3

CC 7/10 15.8 1,533.6 54.6

DD 5/10 6.1 1,016.9 81.4

only hard time windows are imposed. In Table 12, we show average results for the four
classes of instances. Only the instances solved to optimality in all the configurations
are considered. For each class, we present the routing cost for each type of time
windows and, for type II and III (i.e. soft time windows), the percentage difference
with respect to type I (i.e. hard time windows). The routing cost increases of up to
15 % when dealing with soft time windows, since in this case one is willing to travel
longer distances in order to reduce the penalty cost. We recall that in this test instances
soft time windows are cut inside the hard ones and, thus, they are narrower. Hence, in a
context where soft time windows do not represent a real cost, but a customer preference,
the penalty functions must be carefully weighted, since even moderate penalties for
soft time windows violation, may produce significant increase in routing cost.

Let us now consider a different point of view: since tackling soft time windows
requires to introduce non-trivial additional algorithms, it is tempting to approximate
the problem using only hard time windows. We consider instances RCL07 with time
windows type II: therefore each vertex i ∈ V has a hard time window [Ai , Bi ] and
a smaller soft time window [ai , bi ]. First, we solve to optimality a PDP with only
hard time windows [Ai , Bi ], which we call outer time windows; this corresponds to
neglect the customer preference, optimizing only company costs. Second, we solve
to optimality a PDP with only hard time windows [ai , bi ], which we call inner time
window (see Fig. 7); this corresponds to treat user preferences as constraints, neglecting
their impact on company costs.

Then we evaluate the solutions found with respect to the real penalty functions and
we compare them to the optimal solutions obtained when solving the problem with
soft time windows. The results are shown in Table 13. For each class of instances we
show the optimal objective function value obtained for the problem with soft time
windows, outer time windows and inner time windows. In addition we show, for outer
and inner time windows, the increase of cost (loss) that is caused by neglecting the
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Table 10 Data-set RCL07_H, soft time windows type II

Instance Root node Branch-and-price

UB LB Time (s) LB Gap % Time (s) Nodes

AA30 1,541.9 1,541.9 13.2 1,541.9 0.0 13.2 1

AA35 1,748.4 1,733.9 32.0 1,748.4 0.0 70.1 32

AA40 1,936.1 1,899.1 51.6 1,936.1 0.0 204.1 100

AA45 2,129.8 2,095.9 101.1 2,129.8 0.0 520.1 155

AA50 2,265.2 2,247.8 149.5 2,265.2 0.0 429.9 79

AA55 2,463.6 2,432.4 219.8 2,463.6 0.0 1,372.1 243

AA60 2,654.4 2,635.8 316.1 2,654.4 0.0 777.8 83

AA65 2,775.3 2,767.8 430.4 2,775.3 0.0 478.2 7

AA70 2,949.6 2,926.2 1,176.5 2,949.6 0.0 3,250.4 100

AA75 3,095.5 3,080.8 1,636.6 3,095.5 0.0 3,102.7 35

BB30 1,714.4 1,714.4 6.0 1,714.4 0.0 6.0 1

BB35 2,012.2 2,012.2 12.7 2,012.2 0.0 12.7 1

BB40 2,222.8 2,222.8 20.2 2,222.8 0.0 20.2 1

BB45 2,384.8 2,374.9 35.8 2,384.8 0.0 49.7 7

BB50 2,654.7 2,631.2 68.6 2,654.7 0.0 226.5 79

BB55 2,888.6 2,870.0 81.4 2,888.6 0.0 356.5 106

BB60 3,774.6 3,751.8 68.2 3,774.6 0.0 569.0 457

BB65 4,022.9 4,009.5 111.7 4,022.9 0.0 1,034.7 630

BB70 4,349.6 4,319.5 141.1 4,349.6 0.0 2,662.3 1,419

BB75 4,435.9 4,417.7 218.6 4,435.9 0.0 423.6 52

CC30 1,637.6 1,637.6 21.0 1,637.6 0.0 21.0 1

CC35 1,821.4 1,817.4 57.7 1,821.4 0.0 74.9 7

CC40 1,966.8 1,949.7 100.4 1,966.8 0.0 638.6 74

CC45 2,146.5 2,109.7 225.2 2,146.5 0.0 3,032.8 193

CC50 2,391.0 2,379.0 535.3 2,391.0 0.0 3,046.4 61

CC55 2,583.3 2,572.8 775.4 2,583.3 0.0 2,478.3 45

CC60 2,725.8 2,725.8 1,443.2 2,725.8 0.0 1,443.5 1

CC65 3,377.0 2,901.6 1,625.6 2,910.3 16.0 t.l. 51

CC70 3,798.8 3,099.1 2,104.8 3,106.3 22.3 t.l. 26

CC75 3,550.2 3,249.5 2,926.2 3,254.4 9.1 t.l. 21

DD30 1,664.2 1,662.1 22.2 1,664.2 0.0 23.9 5

DD35 1,884.5 1,880.4 61.8 1,884.5 0.0 71.0 3

DD40 2,076.6 2,066.9 103.0 2,076.6 0.0 207.8 19

DD45 2,275.7 2,262.9 146.3 2,275.7 0.0 665.7 48

DD50 2,488.5 2,432.9 255.5 2,462.1 1.1 t.l. 559

DD55 2,640.5 2,618.5 350.4 2,640.5 0.0 4,116.3 332

DD60 3,172.9 2,846.2 574.5 2,863.6 10.8 t.l. 253

DD65 3,226.7 3,189.3 641.0 3,202.7 0.8 t.l. 268

DD70 3,583.0 3,336.6 1,462.0 3,347.4 7.0 t.l. 84

DD75 3,905.3 3,511.4 2,773.5 3,517.1 11.0 t.l. 37
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Table 11 Data-set LI_LIM

Instance Root node Branch-and-price

UB LB Time (s) LB Gap % Time (s) Nodes

LC1_2_1 2,704.6 2,704.6 9.8 2,704.6 0 9.78 1

LC1_2_2 2,764.6 2,764.6 t.l. 2,764.6 0 t.l. 1

LC1_2_3 10,067.7 t.l. t.l. 1

LC1_2_4 m.o. m.o. 0

LC1_2_5 2,702.0 2,702.0 28.4 2,702.0 0 28.39 1

LC1_2_6 2,701.0 2,701.0 108.6 2,701.0 0 108.55 1

LC1_2_7 2,701.0 2,701.0 162.7 2,701.0 0 162.66 1

LC1_2_8 2,689.8 2,689.8 642.9 2,689.8 0 642.87 1

LC1_2_9 10,322.2 t.l. t.l. 1

LC1_2_10 9,005.7 t.l. t.l. 1

LR1_2_1 4,819.1 4,819.1 7.2 4,819.1 0 7.16 1

LR1_2_2 4,166.2 4,166.2 2,264.89 4,166.2 0 2,264.89 1

LR1_2_3 7,458.1 t.l. t.l. 1

LR1_2_4 7,944.1 t.l. t.l. 1

LR1_2_5 4,221.6 4,220.7 26.7 4,221.6 0 27.45 3

LR1_2_6 7,905.1 t.l. t.l. 1

LR1_2_7 5,278.9 t.l. t.l. 1

LR1_2_8 8,171.6 t.l. t.l. 1

LR1_2_9 3,978.6 3,927.5 1,292.0 3,935.4 1.1 t.l. 92

LR1_2_10 8,052.1 t.l. t.l. 1

LRC1_2_1 3,606.1 3,603.2 23.9 3,606.1 0 28.7 3

LRC1_2_2 6,847.0 t.l. t.l. 1

LRC1_2_3 6,023.5 t.l. t.l. 1

LRC1_2_4 8,160.3 t.l. t.l. 1

LRC1_2_5 7,867.3 t.l. t.l. 1

LRC1_2_6 3,360.9 3,360.9 282.7 3,360.9 0 282.7 1

LRC1_2_7 6,648.3 t.l. t.l. 1

LRC1_2_8 7,076.7 t.l. t.l. 1

LRC1_2_9 7,287.2 t.l. t.l. 1

LRC1_2_10 7,540.7 t.l. t.l. 1

soft time windows. As it can be seen the loss is significant, especially for inner time
windows, where it is often necessary to increase the number of vehicles used in order
to satisfy the strict time constraints.

5 Conclusions

In this work we have proposed an exact method to solve an important optimization
problem in distribution logistics, namely the MDHPDPSTW. Our experiments have
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Table 12 Change in the routing costs of the optimal solutions values with different time windows config-
urations

Class Type I Type II Type III

Routing cost Routing cost Avg Δ% Routing cost Avg Δ%

AA 1,691.30 1,786.71 5.34 1,786.90 5.35

BB 1,757.75 1,870.61 6.03 1,889.72 6.98

CC 1,439.69 1,631.44 11.75 1,626.18 11.47

DD 1,232.14 1,445.38 14.75 1,418.06 13.11

Fig. 7 Representation of soft time window (black line), outer hard time window (dotted line) and inner
hard time window (dashed line) at a generic vertex i ∈ V

Table 13 Impact of soft time windows measured by the increase in the objective function when inner or
outer hard time windows are used

Class Soft TW value Outer Inner

Value Loss Value Loss

AA 38,675.92 39,190.25 514.33 61,866.96 22,462.43

BB 40,540.02 41,107.18 567.16 65,354.56 19,692.36

CC 33,960.45 35,112.73 1,152.29 50,284.82 13,692.09

DD 28,268.47 29,447.99 1,179.52 39,052.05 9,777.47

shown that our approach is successful, solving to proven optimality instances with
up to 75 customers, regardless of the penalty pattern and time windows width; when
tested on the particular case in which a single depot, a homogeneous fleet and only
hard time windows need to be considered, it also matches the performance of state-of-
the-art algorithms from the literature, offering at the same time much more modeling
flexibility.

Furthermore, we have analyzed the impact of managing customer preferences by
soft time windows. Our experiments reveal that such a flexibility comes at the price
of an increase of 5–15 % in routing costs; at the same time, disregarding customer
preferences in the planning phase, or treating preferences as constraints yields solutions
which are likely to be either rejected by the customers, or too expensive.
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Future research on this topic can follow two main directions. On one side it would be
interesting to extend the model including other real-world operational constraints (e.g.
drivers rest periods). A second research direction consists in looking for a more efficient
algorithm for the solution of the pricing subproblem, for example including recent
ideas such as the above mentioned ng-route relaxation and strong degree constraints.
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